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Abstract
This is a pedagogical review article surveying the various approaches to-
wards understanding gauge coupling unification within string theory. As is
well known, one of the major problems confronting string phenomenology has
been an apparent discrepancy between the scale of gauge coupling unifica-
tion predicted within string theory, and the unification scale expected within
the framework of the Minimal Supersymmetric Standard Model (MSSM). In
this article, I provide an overview of the different approaches that have been
taken in recent years towards reconciling these two scales, and outline some
of the major recent developments in each. These approaches include string
GUT models; higher affine levels and non-standard hypercharge normaliza-
tions; heavy string threshold corrections; light supersymmetric thresholds; ef-
fects from intermediate-scale gauge and matter structure beyond the MSSM;
strings without supersymmetry; and strings at strong coupling.
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1 Introduction
As is well-known, string theories achieve remarkable success in answering some
of the most vexing problems of theoretical high-energy physics. With string theory,
we now have for the first time a consistent theoretical framework which is finite and
which simultaneously incorporates both quantum gravity and chiral supersymmetric
gauge theories in a natural fashion. An important goal, therefore, is to determine the
extent to which this framework is capable of describing other more phenomenological
features of the low-energy world.
In this review article, I shall focus on one such feature: the unification of gauge
couplings. There are various reasons why this is a particularly compelling feature to
study. On the one hand, the unification of gauge couplings — like the appearance
of gravity or of gauge symmetry in the first place — is a feature intrinsic to string
theory, one whose appearance has basic, model-independent origins. On the other
hand, viewing the situation from an experimental perspective, the unification of the
gauge couplings is arguably the highest-energy phenomenon that any extrapolation
from low-energy data can uncover; in this sense it sits at what is believed to be the
frontier between our low-energy SU(3)× SU(2)× U(1) world, and whatever may lie
beyond. Thus, the unification of gauge couplings provides a fertile meeting-ground
where string theory can be tested against the results of low-energy experimentation.
At first glance, string theory appears to fail this test: it predicts, a priori, a unifi-
cation of gauge couplings at a scale Mstring ≈ 5×1017 GeV, approximately a factor of
20 higher than the expected scale MMSSM ≈ 2× 1016 GeV obtained through extrap-
olations from low-energy data within the framework of the Minimal Supersymmetric
Standard Model (MSSM). While this may seem to be a small difference in an absolute
sense (amounting to only 10% of the logarithms of these mass scales), this discrep-
ancy nevertheless translates into predictions for the low-energy gauge couplings that
differ by many standard deviations from their experimentally observed values. This
is therefore a major problem for string phenomenology.
Fortunately, there are various effects which may modify these naive predictions,
and thereby reconcile these two unification scales. These include: the appearance of
a possible grand-unified (GUT) symmetry at the intermediate scale MMSSM (which
would then unify with gravity and any other “hidden-sector” gauge symmetries at
Mstring); the possibility that the MSSM gauge group is realized in string theory
through non-standard higher-level affine gauge symmetries and/or exotic hypercharge
normalizations (which would alter the boundary conditions of the gauge couplings
at unification); possible large “heavy string threshold corrections” (which would ef-
fectively lower the predicted value of Mstring); possible effects due to light SUSY
thresholds (arising from the breaking of supersymmetry at a relatively low energy
scale); and the appearance of extra matter beyond the MSSM (as often arises in
realistic string models). There even exist unification scenarios based on strings with-
out spacetime supersymmetry, and on strings at strong coupling. It is presently
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unknown, however, which of these scenarios (or which combination of scenarios) can
successfully explain the apparent discrepancy between MMSSM and Mstring in string
theory. In other words, it is not known which “path to unification”, if any, string
theory ultimately chooses.
In this article, I shall summarize the basic status of each of these possibilities, and
outline some of the recent developments in each of these areas. As we shall see, some
of these paths are quite feasible, and can actually reconcile string-scale unification
with low-energy data. Others, by contrast, are tied to more subtle issues in string
theory, and await further insight.
It is precisely for such reasons that this review has been written. Given the recent
experimental results confirming gauge coupling unification within the MSSM, there is
now considerable interest among low-energy phenomenologists in the potential that
gauge coupling unification holds for uncovering and probing new physics at very
high energy scales. It is therefore particularly important at this time to survey the
possibilities for new physics that are suggested by string theory. But there are also
string-based reasons why a current review should be particularly useful. Over the
past decade, string model-building and string phenomenology have matured to the
point that specific phenomenological issues such as gauge coupling unification can now
be meaningfully and quantitatively addressed. Moreover, as we shall see, the past
several years have witnessed an explosion in the development of different string-based
unification scenarios, with ideas and results coming from many different directions.
Indeed, each of these various “paths to unification” has now been investigated in
considerable detail, and the relevant issues that are raised within each scenario have
now been systematically explored. This review should therefore serve not only to
organize and summarize the accomplishments achieved within each of these “paths
to unification”, but also to point the way towards understanding how, through gauge
coupling unification, the predictions of string theory may eventually have a direct
bearing on low-energy physics.
This article is organized as follows. In Sect. 2, I review the basic problem of gauge
coupling unification, and highlight some of the differences that exist between gauge
coupling unification in field theory and in string theory. In Sect. 3, I then provide
an outline of the various approaches that have been proposed for understanding
gauge coupling unification in string theory. The seven sections which follow (Sects. 4
through 10) then discuss each of these approaches in turn, and survey their relevant
issues, problems, and current status. In particular, Sect. 4 focuses on string GUT
models; Sect. 5 deals with non-standard affine levels and hypercharge normalizations;
Sect. 6 discusses heavy string threshold corrections; Sect. 7 analyzes light SUSY
thresholds and intermediate-scale gauge structure; Sect. 8 considers extra matter
beyond the MSSM; Sect. 9 introduces gauge coupling unification via strings without
spacetime supersymmetry; and Sect. 10 outlines a proposal based on strings at strong
coupling. Finally, in Sect. 11, I conclude with a brief summary and suggestions for
further research.
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Disclaimers
This review article is aimed at discussing recent progress in one specific area:
the unification of gauge couplings within string theory. As such, this review does
not attempt to cover the vast literature of field-theoretic unification models, nor (at
the other end) does it attempt to discuss general aspects of string model-building or
string phenomenology. For reviews of the former subject, the reader should consult
Ref. [1]; likewise, for recent reviews of the latter subject, the reader is urged to
consult Refs. [2, 3]. Although certain portions of this review are based upon research
[4, 5, 6, 7] that I have performed in joint collaborations, I have nevertheless attempted
to place these results in context by surveying related recent works by other authors
as well. My hope is therefore that this article presents a fairly complete survey of the
issues surrounding gauge coupling unification in string theory, including most lines of
development that have been advanced through the present time (September 1996).
Finally, since my goal has been to present a pedagogical and (hopefully) non-technical
introduction to recent progress in this field, I have avoided the detailed mathematics
that is involved in any particular approach. Therefore, for further details — or for
applications to related issues beyond the scope of this review — the reader should
consult the relevant references.
2 Background
2.1 The problem of gauge coupling unification
The Standard Model of particle physics is by now extremely well-established,
and accounts for virtually all presently available experimental data. Moreover, one
particular extension of the Standard Model, namely the Minimal Supersymmetric
Standard Model (MSSM) [8], successfully incorporates the Standard Model within the
framework of a supersymmetric theory, thereby improving the finiteness properties
of the theory and providing, for example, an elegant solution to the technical gauge
hierarchy problem.
This introduction of N = 1 supersymmetry, however, also has another profound
effect: it brings about a unification of the gauge couplings, as illustrated in Figs. 1
and 2. This unification can be seen as follows. At the Z scale MZ ≈ 91.16 GeV, the
experimentally accepted values for the hypercharge, electroweak, and strong gauge
couplings are respectively given (within the MS renormalization group scheme) as [9]
α−1Y (MZ)|MS ≡ 98.29± 0.13
α−12 (MZ)|MS ≡ 29.61± 0.13
α−13 (MZ)|MS ≡ 8.3± 0.5 (2.1)
where αi ≡ g2i /(4π) for i = Y, 2, 3. In Eq. (2.1) we have assumed the conventional
hypercharge normalization in which the Standard Model right-handed singlet electron
6
Figure 1: One-loop evolution of the gauge couplings within the (non-supersymmetric)
Standard Model. Here α1 ≡ (5/3)αY , where αY is the hypercharge coupling in the
conventional normalization. The relative width of each line reflects current experi-
mental uncertainties.
Figure 2: One-loop evolution of the gauge couplings within the Minimal Supersym-
metric Standard Model (MSSM), assuming supersymmetric thresholds at the Z scale.
As in Fig. 1, α1 ≡ (5/3)αY , where αY is the hypercharge coupling in the conven-
tional normalization. The relative width of each line reflects current experimental
uncertainties. 7
state eR has unit hypercharge. We then extrapolate these couplings to higher energy
scales µ via the standard one-loop renormalization group equations (RGE’s) of the
form
α−1i (µ) = α
−1
i (MZ) −
bi
4π
ln
µ2
M2Z
. (2.2)
Note that the one-loop beta-function coefficients bi that govern this logarithmic run-
ning depend on the matter content of the theory. It is therefore here that the in-
troduction of N = 1 supersymmetry plays a role (i.e., by introducing superpartner
states and an extra Higgs doublet into the theory). Specifically, one finds that these
coefficients take the values
(bY , b2, b3) =
{
(7,−3,−7) within the Standard Model
(11, 1,−3) within the MSSM. (2.3)
Using the beta-function coefficients bi of the Standard Model and extrapolating the
low-energy couplings upwards according to Eq. (2.2), one then finds that the three
gauge couplings fail to meet at any scale. This is illustrated in Fig. 1. By con-
trast, performing this extrapolation within the MSSM, one discovers [1] an apparent
unification of gauge couplings of the form
5
3
αY (MMSSM) = α2(MMSSM) = α3(MMSSM) ≈ 1
25
(2.4)
at the scale
MMSSM ≈ 2 × 1016 GeV . (2.5)
This situation is shown in Fig. 2. The fact that the gauge couplings unify within the
MSSM is usually interpreted as evidence not only for N = 1 supersymmetry, but also
for the existence of a single large grand-unified gauge group GGUT which breaks to
SU(3)×SU(2)×U(1)Y at the MSSM scale MMSSM. Indeed, with this interpretation,
even the factor of 5/3 appearing in Eq. (2.4) has a natural explanation, for it essen-
tially represents the group-theoretic factor by which the conventional hypercharge
generator must be rescaled in order to be unified along with the SU(2) and SU(3)
generators within a single non-abelian group GGUT such as SU(5), SO(10), or E6.
Thus, the popular field-theoretic scenario that is currently envisioned is as follows.
At high energies far above MMSSM, we have N = 1 supersymmetry and some grand-
unified group GGUT, with all matter falling into supersymmetric representations of
this group. Then, at the MSSM scale, this group is presumed to break directly to
SU(3)× SU(2)×U(1)Y , and any extra states that do not appear within the MSSM
will have masses nearMMSSM and thus not affect the running of gauge couplings below
this scale. The MSSM itself is then presumed to govern physics all the way down
to the scale MSUSY at which SUSY-breaking occurs, and then finally, below MSUSY,
we expect to see merely the Standard-Model gauge group and spectrum. The scale
MSUSY is set, of course, with two considerations in mind: it must be sufficiently high
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to explain why the lightest superparticles have not yet been observed, and it must be
sufficiently low that the gauge hierarchy is protected. This in turn constrains various
measures of SUSY-breaking, such as the value of the mass supertrace Str(M2).
On the face of it, this is a fairly compelling picture. There are, however, a number
of outstanding problems that are not addressed within this scenario. First, the unifi-
cation scale MMSSM is quite close to the Planck scale MPlanck =
√
1/GN ≈ 1019 GeV,
yet gravity is not incorporated into this picture. Second, one would hope to explain
the spectrum of the Standard Model and the MSSM, in particular the values of the
many arbitrary free parameters which describe the fermion masses and couplings.
Indeed, one might even seek an explanation of more basic parameters such as the
number of generations or even the choice of gauge group. Third, if we truly expect
some sort of GUT theory above MMSSM, we face the problem of the proton lifetime;
stabilizing the proton requires a successful doublet-triplet splitting mechanism. Fi-
nally, we may even ask why we should expect a GUT theory at all. After all, the
appearance of a grand-unified theory is essentially a theoretical prejudice, and is not
required in any way for the theoretical consistency of the model. In other words, the
unification of gauge couplings may just be a happy accident.∗
2.2 String theory vs. field theory
String theory, however, has the potential to address all of these shortcomings.
First, it naturally incorporates quantum gravity, in the sense that a spin-two mass-
less particle (the graviton) always appears in the string spectrum. Second, N = 1
supersymmetric field theories with non-abelian gauge groups and chiral matter natu-
rally appear as the low-energy limits of a certain phenomenologically appealing class
of string theories (the heterotic strings) [11]. Third, such string theories may in prin-
ciple provide a uniform framework for understanding all of the features of low-energy
phenomenology, such as the appearance of three generations, the fermion mass ma-
trices, and even a doublet-triplet splitting mechanism [12]. Indeed, string theories
ultimately contain no free parameters!
But most importantly for the purposes of this article, string theories also im-
ply a natural unification of the couplings. Indeed, regardless of the particular string
model in question and independently of whether there exists any unifying GUT gauge
symmetry in the model, it turns out that the gauge and gravitational couplings in
heterotic string theory always automatically unify at tree-level to form one dimen-
∗ Given that two non-parallel lines intersect in a point, it is arguably only a single coincidence
that a third line intersects at the same point, and not a conspiracy between three separate couplings.
Of course, a priori , the unification scale thus obtained could have been lower than MZ , or higher
than MPlanck. In a similar vein, we remark that the introduction of N = 1 supersymmetry is not
the only manner in which a unification of gauge couplings at 2 × 1016 GeV can be achieved. One
alternate possibility starting from the non-supersymmetric Standard Model utilizes the introduction
of extra multiplets at intermediate mass scales (see, e.g., Ref. [10]); another possibility (which leads
to an even higher unification scale) will be discussed in Sect. 9.
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sionless coupling constant gstring [13]:
8π
GN
α′
= g2i ki = g
2
string . (2.6)
This unification relation holds because the gravitational and gauge interactions all
arise from the same underlying sectors in the heterotic string, and can therefore be
related to each other. Here GN is the gravitational coupling (Newton’s constant);
α′ is the Regge slope (which sets the mass scale for excitations of the string); gi is
the gauge coupling for each gauge group factor Gi; and ki, which appears as the
corresponding normalization factor for the gauge coupling gi, is the so-called affine
level (also often called the Kacˇ-Moody level) at which the group factor Gi is realized.
These affine levels have a simple origin in string theory, and can be understood
as follows. In (classical) heterotic string theory, all gauge symmetries are ultimately
realized in the form of worldsheet affine Lie algebras with central extensions [14].
Explicitly, this means that if one computes the operator product expansions (OPE’s)
between the worldsheet currents Ja(z) corresponding to any non-abelian group factor
Gi appearing in a given string model, one obtains a result of the form
Ja(z)J b(w) ∼ if
abc
z − w J
c(w) + k
~α2h
2
δab
(z − w)2 + ... (2.7)
Here fabc are the structure constants of the Lie algebra, and ~α2h is the squared length
of the longest root ~αh. While the first term in Eq. (2.7) has the expected form of
the usual Lie algebra, the second term (the so-called “central extension”) appears
as double-pole Schwinger contact term. As indicated in Eq. (2.7), the “level” k is
then defined as the coefficient of this double-pole term, and the gauge symmetry is
said to have been “realized at level k”. (The specific definition of k in the case of
abelian groups will be presented in Sect. 5.1.) Current-algebra relations of the form
in Eq. (2.7) are those of so-called affine Lie algebras, which are also often called
Kacˇ-Moody algebras in the physics literature. Such algebras were first discovered by
mathematicians in Ref. [15], and later independently by physicists in Ref. [16]. The
affine levels k that concern us here were first discovered in Ref. [16]. Note that the
length ~α2h is inserted into the definition in Eq. (2.7) so that the level k is invariant
under trivial rescalings of the currents Ja(z). For non-abelian gauge groups, it turns
out that the levels k are restricted to be positive integers, while for U(1) gauge groups
they can take arbitrary model-dependent values.
We see, then, that string theory appears to give us precisely the features we want,
with a prediction for the unification of the couplings in Eq. (2.6) that is strikingly
reminiscent of the “observed” MSSM unification in Eq. (2.4). There are, however,
some crucial differences between the unification of gauge couplings in field theory
and in string theory. First, string theory, unlike field theory, is intrinsically a finite
theory; thus when we talk of a running of the gauge couplings in string theory, we are
implicitly calculating within the framework of the low-energy effective field theory
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which is derived from only the massless (i.e., observable) states of the full string
spectrum. Second, again in contrast to field theory, in string theory all couplings
are actually dynamical variables whose values are fixed by the expectation values of
certain moduli fields. For example, the string coupling gstring is related at tree-level to
the VEV of a certain modulus, the dilaton φ, via a relation of the form gstring ∼ e−〈φ〉
[17]. These moduli fields — which are massless gauge-neutral Lorentz-scalar fields
— essentially parametrize an entire space of possible ground states (or “vacua”) of
the string, and have an effective potential which is classically flat and which remains
flat to all orders in perturbation theory. For this reason one does not know, a priori ,
the value of the string coupling gstring at unification, much less the true string ground
state from which to perform our calculations in the first place.
A third distinguishing feature between field-theoretic and string-theoretic unifica-
tion concerns the presence of the affine levels ki in the unification relation (2.6). It is
clear from Eqs. (2.6) and (2.7) that these factors essentially appear as normalizations
for the gauge couplings gi (or equivalently for the gauge symmetry currents Ja), and
indeed such normalizations are familiar from ordinary field-theoretic GUT scenarios
such as those based on SU(5) or SO(10) embeddings in which the hypercharge gen-
erator Y must be rescaled by a factor kY = 5/3 in order to be unified within the
larger GUT symmetry group. The new feature from string theory, however, is that
such normalizations ki now also appear for the non-abelian gauge factors as well. We
shall see, however, that the most-easily constructed string models have ki = 1 for the
non-abelian gauge factors.
But once again, for the purposes of this article, the most important difference
between gauge coupling unification in field theory and string theory is the scale of
the unification. As we have already discussed, in field theory this scale is determined
via an extrapolation of the measured low-energy couplings within the framework of
the MSSM, ultimately yielding MMSSM ≡ 2 × 1016 GeV. This number, deduced on
the basis of experimental measurement of the low-energy couplings, appears without
theoretical justification. In string theory, by contrast, the scale of unification Mstring
is fixed by the intrinsic scale of the theory itself. Since string theory is a theory of
quantum gravity, its natural scale Mstring is ultimately related to the Planck scale
MPlanck =
√
1/GN ≈ 1.22× 1019 GeV , (2.8)
and is given by
Mstring = gstringMPlanck ∼
√
1/α′ (2.9)
where gstring is the string coupling. For realistic string models, the string coupling
gstring should be of order one at unification; this is not only necessary for rough
agreement with experiment at low energies, but also guarantees that the effective four-
dimensional field theory will be weakly coupled [18], making a perturbative analysis
appropriate. At tree-level, therefore, Mstring is the scale at which the unification
in Eq. (2.6) is expected to take place. One-loop string effects have the potential
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to lower this scale somewhat, however, and indeed one finds [19] that in the DR
renormalization scheme†, the scale of string unification is shifted down to
Mstring =
e(1−γ)/2 3−3/4
4π
gstringMPlanck
≈ gstring × 5.27 × 1017 GeV (2.10)
where γ ≈ 0.577 is the Euler constant. Thus, assuming that gstring ∼ O(1) at
unification, we have
Mstring ≈ 5 × 1017 GeV . (2.11)
We thus see that a factor of approximately 20 or 25 separates the predicted string
unification scale from the MSSM unification scale. Equivalently, the logarithms of
these scales (which are arguably the true measure of this discrepancy) differ by about
10% of their absolute values.
1 Μ2
2
3
Μ
−1
?
α N
−1G
1
Figure 3: The fundamental problem of gauge coupling unification within string the-
ory: the scaleM1 ≡MMSSM ≈ 2×1016 GeV at which the gauge couplings are expected
to unify within the MSSM is significantly below the scale M2 ≡ Mstring ≈ 5 × 1017
GeV at which string theory predicts their unification with each other and with the
gravitational coupling (Newton constant) GN .
This situation is sketched in Fig. 3, where we compare the lower scale M1 ≡
MMSSM at which the extrapolated gauge couplings unify with the higher scale
† The DR scheme is the modified minimal subtraction scheme for dimensional reduction, wherein
Dirac γ-matrix manipulations are performed in four dimensions. This scheme therefore preserves
spacetime supersymmetry in loop calculations.
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M2 ≡ Mstring at which string theory predicts their unification with each other and
with the gravitational coupling GN . There are several important comments to make
regarding this figure. First, since GN has mass dimension −2, its running is dom-
inated by classical effects which are stronger than the purely quantum-mechanical
running experienced by the dimensionless gauge couplings αi. In order to see this
explicitly, let us first recall that the dimensionless gauge couplings experience a scale
dependence of the form α−1i (µ) ∼ µfiα˜−1i where α˜i are fixed numbers describing
the strength of the gauge couplings, and where the functions fi (which are similar
to anomalous dimensions) describe the quantum-mechanical scale-dependence of the
gauge couplings. It is, of course, the scale-dependent quantities α−1i (µ) that we have
been considering all along, and we see that if we relate α−1i (µ) to α
−1
i (MZ) by expand-
ing fi to first order in the gauge couplings via fi = biαi(MZ)/2π + ..., we reproduce
the one-loop renormalization group equations given in Eq. (2.2). The situation for the
gravitational coupling is similar. We first define an analogous dimensionless grav-
itational coupling G−1N (µ) ∼ µ−2+fGG˜−1N where G˜N is the usual fixed dimensionful
gravitational coupling (Newton constant), and where the two terms in the exponent
−2+fG respectively represent the classical and quantum-mechanical contributions to
the running. It is appropriate to consider this dimensionless gravitational coupling
G−1N (µ) rather than G˜
−1
N since it is G
−1
N (µ) which represents the effective strength
of the gravitational interaction at the scale µ. Since fG is proportional to GN and
is therefore exceedingly small at energies below the Planck scale, we can disregard
fG entirely and concentrate on the classical contribution. This yields the power-law
scale dependence G−1N (µ)/G
−1
N (MZ) = (MZ/µ)
2, which gives rise to an exponential
curve when sketched relative to a logarithmic mass scale as in Fig. 3. In this context,
it is also interesting to note that any possible unification of gauge and gravitational
couplings must necessarily take the form GN(µ) = αi(µ) (where we are neglecting
overall numerical factors), since only couplings of similar mass dimensionalities can
be equated. Upon comparison with the string-theoretic tree-level unification predic-
tion in Eq. (2.6), we then immediately find that such a unification is possible only
when µ ∼ 1/√α′ ∼ Mstring. Thus, because string theory essentially relates a dimen-
sionless gauge coupling to a dimensionful gravitational coupling, it has the property
that the unification relation itself predicts the unification scale. Of course, the result
µ ∼ Mstring is merely the tree-level result, while the one-loop corrected unification
scale is given in Eq. (2.10). Finally, also note that for illustrative purposes we have
greatly exaggerated the difference between MMSSM and Mstring in this sketch.
One may argue that this discrepancy between the two unification scales is not a
major problem, since it is only a 10% effect in terms of their logarithms. More gen-
erally, one may also argue that it is improper to worry about a discrepancy between
scales of unification, since such scales are dependent upon the particular renormal-
ization scheme employed, and hence have no physical significance. Both of these
observations are of course true, but the gauge couplings themselves are physical
quantities, and this discrepancy between Mstring andMMSSM implies that the hypoth-
13
Figure 4: Dependence on the string scale: the predicted value of the low-energy
electroweak mixing angle sin2 θW (MZ), assuming unification at Mstring. Results for
both one-loop and two-loop running are plotted.
Figure 5: Dependence on the string scale: the predicted value of the low-energy
coupling αstrong(MZ), assuming unification at Mstring. Results for both one-loop and
two-loop running are plotted.
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esis of string-scale unification yields incorrect values for low-energy couplings. In
other words, if we take the predictions of string theory seriously and assume that the
gauge couplings unify atMstring rather than atMMSSM, we find that a straightforward
extrapolation down to low energies does not reproduce the correct values for these
couplings at the Z scale.
In order to appreciate the seriousness of this problem, recall that the experimen-
tally measured values for these couplings at the Z scale MZ ≈ 91 GeV in the MS
renormalization scheme were given in Eq. (2.1). Because the value of the electro-
magnetic coupling αe.m.(MZ) = 1/127.9 is known with great precision and is trivially
related to the electroweak couplings (αY , α2) via the electroweak mixing angle
α−1Y = α
−1
e.m. cos
2 θW
α−12 = α
−1
e.m. sin
2 θW , (2.12)
it is traditional to take αe.m.(MZ) as a fixed input parameter and quote the values
of (gY , g2) in terms of the single electroweak mixing angle sin
2 θW . Indeed, using
Eq. (2.1), we then obtain the low-energy coupling parameters
sin2 θW (MZ)|MS = 0.2315± 0.001
α3(MZ)|MS = 0.120± 0.010 , (2.13)
and we shall see later that conversion from the MS scheme to the DR scheme makes
only a very small correction. By contrast, in Figs. 4 and 5 we have plotted the values
of the same low-energy coupling parameters that one would obtain by assuming
unification at different hypothetical values of Mstring, and then running down to low
energies according to both one-loop and two-loop analyses within the MSSM. It is
clear that for Mstring taking the value indicated in Eq. (2.11), the predicted values
of sin2 θW (MZ) and α3(MZ) deviate by many standard deviations from those that
are measured. Thus, what may have seemed to be a minor discrepancy between two
unification scales becomes in fact a major problem for string phenomenology.
3 Possible Paths to String-Scale Unification
Faced with this situation, a number of possible “paths” towards reconciliation
have been proposed. We shall here summarize the basic features of each path, and
devote the following sections to more detailed examinations of the issues involved in
each.
3.1 Overview of possible paths
• String GUT models: Perhaps the most obvious path towards reconciling the
scale of string unification Mstring with the apparent unification scale MMSSM
is through the assumption of an intermediate-scale unifying gauge group G,
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so that SU(3) × SU(2) × U(1)Y ⊂ G. In this scenario, the gauge couplings
would still unify at the intermediate scale MMSSM to form the coupling gG
of the intermediate group G, but then gG would run up to the string scale
Mstring where it would then unify, as required, with the gauge couplings of
any other (“hidden”) string gauge groups and with the gravitational coupling.
As far as string theory is concerned, this basic path to unification has two
possible sub-paths, depending on whether the GUT group G is simple [as in
SU(5) or SO(10)], or non-simple [as in the Pati-Salam unification scenario with
G = SO(6)× SO(4), or the flipped SU(5) scenario with G = SU(5) × U(1)].
We shall refer to the first path as the “strict GUT” path, and the second as
merely involving “intermediate-scale gauge structure”. As we shall see, these
two sub-paths have drastically different stringy consequences and realizations.
• Non-standard affine levels and hypercharge normalizations: A second possible
path to unification retains the MSSM gauge structure all the way up to the
string scale, and instead exploits the fact that in string theory, the hypercharge
normalization kY need not have the standard value kY = 5/3 that it has in
those GUT scenarios which make use of SU(5) or SO(10) embeddings. Indeed,
in string theory, the value that kY may take is a priori arbitrary. Likewise,
in all generality, the affine levels (k2, k3) that describe the non-abelian group
factors SU(2) and SU(3) of the MSSM may also differ from their “usual”
value k2 = k3 = 1, and therefore it is possible that by building string models
which realize appropriately chosen non-standard values of (kY , k2, k3), one can
alter the running of the corresponding couplings in such a way as to realize
gauge coupling unification at Mstring while simultaneously obtaining the proper
values of the low-energy parameters αstrong and sin
2 θW . Thus, this possibility
would represent a purely string-theoretic effect. As we shall discuss, however,
it remains an open question whether realistic string models with the required
values of (kY , k2, k3) can be constructed.
• Heavy string threshold corrections: The next three possible paths to string-
scale unification all involve adding various “correction terms” to the renormal-
ization group equations (RGE’s) of the MSSM. For example, the next possible
path we shall discuss involves the so-called heavy string threshold corrections
which represent the contributions from the infinite towers of massive (i.e.,
Planck-scale) string states that are otherwise neglected in an analysis of the
purely low-energy massless string spectrum. Strictly speaking, such corrections
must be included in any string-theoretic analysis, and it is possible that these
corrections may be sufficiently large to reconcile string-scale unification with
the observed low-energy couplings. Thus, like the non-standard affine levels
and hypercharge normalizations, this too represents a purely stringy effect that
would not arise in ordinary field-theoretic scenarios.
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• Light SUSY thresholds: A fourth possible path to unification involves the
corrections due to light SUSY-breaking thresholds near the electroweak scale.
While the plot in Fig. 2 assumes that the superpartners of the MSSM states all
have equal masses at MZ , it is expected that realistic SUSY-breaking mecha-
nisms will yield a somewhat different sparticle spectroscopy. The light SUSY-
breaking thresholds are the corrections that would be needed in order to account
for this, and are typically analyzed in purely field-theoretic terms.
• Extra non-MSSM matter: A fifth possible path towards reconciling the string
unification scale with the MSSM unification scale involves the corrections due
to possible extra exotic matter beyond the MSSM. Although introducing such
additional matter is completely ad hoc from the field-theoretic point of view,
such matter appears naturally in many realistic string models, and is in fact
required for their self-consistency. Such matter also has the potential to signif-
icantly alter the naive string predictions of the low-energy couplings, and its
effects must therefore be included.
• Strings without supersymmetry: Another possible path towards unification,
one which is highly unconventional and which lies outside the paradigm of
the MSSM, involves strings without supersymmetry — i.e., strings which are
non-supersymmetric at the Planck scale. Such string models therefore seek to
reproduce the Standard Model, rather than the MSSM, at low energies. As a
result of the freedom to adjust the hypercharge normalization that exists within
the string framework, it turns out that gauge coupling unification can still be
achieved in such models, even without invoking supersymmetry. Moreover, the
scale of gauge coupling unification in this scenario surprisingly turns out to be
somewhat closer to the string scale than it is within the MSSM.
• Strings at strong coupling: Finally, there also exists another possible path to
unification which — unlike those above — is intrinsically non-perturbative,
and which makes use of some special features of the strong-coupling behavior
of strings in ten dimensions.
The above “paths to unification” are clearly very different from each other, and
thus imply different resolutions to the fundamental problem posed in Fig. 3. In Fig. 6,
we have sketched some of these different resolutions; we remind the reader that once
again these sketches are greatly exaggerated and are meant only to illustrate the
basic scenarios. First, in Fig. 6(a), we illustrate the standard GUT resolution in
which the three low-energy couplings emerge at M1 ≡MMSSM from a common GUT
coupling which in turn unifies with the gravitational coupling at M2 ≡ Mstring. In
Fig. 6(b), by contrast, we illustrate the approach based on modifications of the levels
ki. [Recall that in all of these sketches we are actually plotting not α
−1
i but (kiαi)
−1.]
It is already clear from this sketch that successful string-scale unification generally
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Figure 6: Various paths to unification, as discussed in the text. Each path provides
a different solution to the fundamental problem posed in Fig. 3.
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requires decreasing kY and increasing k3; for convenience we have held k2 constant in
this plot. Next, in Fig. 6(c), we sketch the scenario based on heavy string threshold
corrections. In this scenario, the exact tree-level unification relation (2.6) at Mstring
is corrected by fixed thresholds ∆i which must have specific sizes and signs if they are
to consistent with the observed gauge coupling unification at MMSSM. For example,
it is already clear that we would require ∆1 −∆2 to be negative and ∆3 −∆2 to be
positive.
The remaining sketches show the influence of possible non-trivial physics at in-
termediate scales Mi between MZ and MMSSM. In Fig. 6(d), for example, we illus-
trate a scenario based on possible intermediate-scale gauge structure [such as, e.g.,
SO(6)×SO(4)]. In such scenarios, the low-energy gauge couplings emerge only at the
intermediate scale Mi at which the larger gauge symmetry is broken, and the U(1)
gauge coupling generally experiences a discontinuity. Likewise, in Figs. 6(e) and 6(f),
we show the effects of extra matter beyond the MSSM. In Fig. 6(e), we illustrate the
effects of potential extra color triplets and electroweak doublets appearing at inter-
mediate scales Mi and M
′
i respectively; for simplicity we have assumed that these
extra states have vanishing hypercharge. It is clear that the effect of such extra mat-
ter states is essentially that of a corrective lens which “refocuses” the running of the
gauge couplings so that they meet at Mstring rather than at MMSSM. (Light SUSY
thresholds also have a similar effect.) In Fig. 6(f), by contrast, we show the effect of
extra matter in complete GUT multiplets. While such multiplets do not affect the
unification scale to one-loop order, we have sketched a scenario in which they raise
the unified coupling to such an extent that two-loop effects may become significant
and then refocus the unification scale up to the string scale.
It is also possible to sketch the two remaining “paths to unification” that we have
mentioned above. In particular, the scenario based upon strings without supersym-
metry will be illustrated in Sect. 9 (see Fig. 15 for a precise plot), while the scenario
based upon string non-perturbative effects is much more subtle, and essentially weak-
ens the string unification predictions in such a way that the unification scale for the
gauge couplings need no longer coincide with the string scale derived from the grav-
itational coupling. Thus, in this scenario, the original mismatch illustrated in Fig. 3
would continue to apply, but would no longer be viewed as problematic.
3.2 Choosing between the paths: General remarks
Given these many potential “paths to unification”, we are then left with one
over-riding question: Which path to string-scale gauge coupling unification does string
theory actually take? Or equivalently, we may ask: To what extent can realistic string
models be constructed which exploit each of these possibilities?
These questions are far more subtle in string theory than they would be in ordinary
field theory. Indeed, in field theory, it would not seem to be too difficult to construct
models which exploit the GUT mechanism, or which introduce extra matter beyond
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the MSSM. In string theory, however, the situation is far more complicated because
these different paths are often related to each other in deep ways that are not always
immediately apparent. For example, as we shall see, any consistent realization of
a “strict GUT” string model requires that the GUT gauge symmetry G be realized
with an affine level kG > 1. Likewise, the presence of non-standard hypercharges
kY in string theory can be shown to imply the existence of certain classes of exotic
non-MSSM matter with fractional electric charge. Thus, the different “paths to
unification” as we have outlined them are not independent of each other, and we
expect that various combinations of all of these effects will play a role in different
types of string models.
It is important to understand why such such unexpected connections arise in string
theory, and why such seemingly disparate features such as affine levels, extra non-
MSSM matter, and GUT gauge groups are all ultimately tied together. These connec-
tions essentially occur because the fundamental object in string theory is the string
itself. Each of the different worldsheet modes of excitation of the string corresponds to
a different particle in spacetime. Thus, in string theory, four-dimensional spacetime
physics is ultimately the consequence of two-dimensional worldsheet physics. This
means that the four-dimensional particle spectra, gauge symmetries, couplings, etc.,
that we obtain in a given string model are all ultimately determined and constrained
by worldsheet symmetries.
There are numerous well-known examples of this interplay between worldsheet and
spacetime physics, examples in which a given worldsheet symmetry has profound ef-
fects in spacetime. For example, worldsheet conformal invariance sets the spacetime
Hagedorn temperature of the theory (with ensuing consequences in string thermody-
namics), and establishes a critical spacetime dimension which is, in general, greater
than four. It is this which necessitates a compactification to four dimensions, lead-
ing to an infinite moduli space of possible phenomenologically distinct string ground
states. Likewise, worldsheet supersymmetry also has profound effects in spacetime: it
introduces spacetime fermions into the string spectrum, lowers the critical spacetime
dimension from 26 to 10, and sets an upper limit of 22 on the rank of the correspond-
ing gauge group in a classical heterotic string. Even more profound are the effects of
worldsheet modular invariance (or one-loop conformal anomaly cancellation): in cer-
tain settings this removes the tachyon from the spacetime string spectrum, introduces
spacetime supersymmetry, and guarantees the ultraviolet finiteness of string one- and
multi-loop amplitudes. Indeed, modular invariance is also responsible for the appear-
ance of so-called GSO projections which remove certain states from all mass levels
of the string spectrum, and likewise requires the introduction of corresponding new
sectors which add new states to the string spectrum. All of this happens simultane-
ously in a tightly constrained manner, and one finds that it is generally difficult to
alter the properties of one sector of a given string model without seriously disturbing
the features of another sector.
An important goal for string phenomenologists, then, is the development of a dic-
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tionary , or table of relations, between worldsheet physics and spacetime physics. In
this way we hope to ultimately learn what “patterns” of spacetime physics are allowed
or consistent with an underlying string theory. More specifically, as far as unification
is concerned, we wish to determine which of the possible paths to unification are
mutually consistent and can be realized in actual realistic string models.
In the rest of this article, therefore, we shall outline the current status and recent
developments for each of these possible paths to unification. In other words, we
shall be exploring the extent to which the various unification mechanisms we have
outlined can be made consistent with the worldsheet symmetries (such as conformal
invariance, modular invariance, and worldsheet supersymmetry) that underlie string
theory.
4 Path #1: String GUT models
In this approach, we ask the question: Can one realize the “strict GUT” scenario
consistently in string theory? In other words, can we build a consistent and phe-
nomenologically realistic string model which realizes, say, a unified SU(5) or SO(10)
gauge symmetry at the string scale, along with the appropriate matter content neces-
sary for yielding three complete MSSM representations, the appropriate electroweak
Higgs representations, as well as the GUT Higgs needed to break the GUT gauge
symmetry group down to SU(3)× SU(2)× U(1)Y at some lower scale? As we shall
see, obtaining the required gauge group is fairly easy. By contrast, obtaining the
required matter representations turns out to be much more difficult.
Why is this so hard? The short answer is that there naively seems to be a clash
between the three properties that we demand of our string theory: unitarity of the
underlying worldsheet conformal field theory, existence of the required GUT Higgs in
the massless spacetime spectrum, and the existence of only three chiral generations.
The first two properties together imply that we need to realize our GUT symmetry
group G with an affine level kG ≥ 2. This in turn has historically rendered the
construction of corresponding three-generation string GUT models difficult [20, 21,
22, 23, 24, 25] (though not impossible). In this section, we shall briefly sketch the
basic arguments and current status of the string GUT approach.
4.1 Why higher levels are needed
We begin by discussing why grand-unified gauge groups in string theory must be
realized at higher affine levels.
Recall that in heterotic string theory, all gauge symmetries are ultimately realized
in the form of worldsheet affine Lie algebras, with currents Ja(z) satisfying operator
product expansions of the form given in Eq. (2.7). However, given a gauge group G,
the corresponding level kG is not arbitrary, for there are two constraints that must
be satisfied. First, if G is non-abelian (which is the case that we will be discussing
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here), we must have kG ∈ ZZ+. This restriction permits the algebra to have unitary
representations, as required for a consistent string model. Second, in order to satisfy
the heterotic-string conformal anomaly constraints, we must also have c(GkG) ≤ 22
where c(GkG) is the contribution to the conformal anomaly arising from the gauge
group factor GkG. This central charge contribution is defined as
c(GkG) =
kG dimG
kG + h˜G
(4.1)
where h˜G is the dual Coxeter number of G. If this constraint is not satisfied, then
worldsheet conformal invariance cannot be maintained at the quantum-mechanical
level, and the string model will again be inconsistent.
Given a level kG satisfying these two constraints, there are then two further con-
straints that govern which corresponding representations of G can potentially appear
in the massless (i.e., observable) string spectrum. Specifically, one finds [14] that the
only unitary representations R of G which can potentially be massless are those for
which
0 ≤
rank(G)∑
i=1
a
(R)
i mi ≤ kG (4.2)
and
hR ≡ C
(R)
G /~α
2
h
kG + h˜G
≤ 1 . (4.3)
Here a
(R)
i are the Dynkin labels of the highest weight of the representation R; mi
are the so-called “comarks” (or “dual Coxeter labels”) corresponding to each simple
root ~αi of G; C
(R)
G is the eigenvalue of the quadratic Casimir acting on the repre-
sentation R; and ~αh is the longest root of G. The condition in Eq. (4.2) guarantees
that the representation R will be unitary, while the condition in Eq. (4.3) reflects
the requirement that the representation should be potentially massless. This latter
requirement arises because the conformal dimension hR of a given state describes its
spacetime mass (in Planck-mass units), and is related to the number of underlying
string excitations needed to produce it. Since the vacuum energy of the gauge sector
of the heterotic string is −1, only those states with hR ≤ 1 have the potential to
appear in the massless spectrum. Of course, states with hR < 1 must carry addi-
tional quantum numbers beyond those of G in order to satisfy the full masslessness
condition h(total) = 1.
The representations that survive these constraints are listed in Table 1 for the
groups SU(2), SU(3), SU(4), SU(5), SU(6), SO(10), and E6. Each entry is listed
in the form (n, hR) where n is the dimensionality of the representation and hR is its
conformal dimension. Note that in this table, we have not listed singlet representa-
tions [for which the corresponding entry is (1,0) for all groups and levels]. We have
also omitted the complex-conjugate representations. It is immediately apparent from
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SU(2) SU(3) SU(4) SU(5) SU(6) SO(10) E6
(kmax = 55) (kmax = 10) (kmax = 7) (kmax = 4)
k = 1 c = 1 :
(2, 1/4)
c = 2 :
(3, 1/3)
c = 3 :
(4, 3/8)
(6, 1/2)
c = 4 :
(5, 2/5)
(10, 3/5)
c = 5 :
(6, 5/12)
(15, 2/3)
(20, 3/4)
c = 5 :
(10, 1/2)
(16, 5/8)
c = 6 :
(27, 2/3)
k = 2 c = 3/2 :
(2, 3/16)
(3, 1/2)
c = 16/5 :
(3, 4/15)
(6, 2/3)
(8, 3/5)
c = 5 :
(4, 5/16)
(6, 5/12)
(10, 3/4)
(15, 2/3)
(20, 13/16)
(20′, 1)
c = 48/7 :
(5, 12/35)
(10, 18/35)
(15, 4/5)
(24, 5/7)
(40, 33/35)
(45, 32/35)
c = 35/4 :
(6, 35/96)
(15, 7/12)
(20, 21/32)
(21, 5/6)
(35, 3/4)
(84, 95/96)
c = 9 :
(10, 9/20)
(16, 9/16)
(45, 4/5)
(54, 1)
c = 78/7 :
(27, 13/21)
(78, 6/7)
k = 3 c = 9/5 :
(2, 3/20)
(3, 2/5)
(4, 3/4)
c = 4 :
(3, 2/9)
(6, 5/9)
(8, 1/2)
(10, 1)
(15, 8/9)
c = 45/7 :
(4, 15/56)
(6, 5/14)
(10, 9/14)
(15, 4/7)
(20, 39/56)
(20′, 6/7)
(36, 55/56)
c = 9 :
(5, 3/10)
(10, 9/20)
(15, 7/10)
(24, 5/8)
(40, 33/40)
(45, 4/5)
(75, 1)
c = 35/3 :
(6, 35/108)
(15, 14/27)
(20, 7/12)
(21, 20/27)
(35, 2/3)
(70, 11/12)
(84, 95/108)
(105, 26/27)
c = 135/11 :
(10, 9/22)
(16, 45/88)
(45, 8/11)
(54, 10/11)
(120, 21/22)
(144, 85/88)
c = 78/5 :
(27, 26/45)
(78, 4/5)
k = 4 c = 2 :
(2, 1/8)
(3, 1/3)
(4, 5/8)
(5, 1)
c = 32/7 :
(3, 4/21)
(6, 10/21)
(8, 3/7)
(10, 6/7)
(15, 16/21)
c = 15/2 :
(4, 15/64)
(6, 5/16)
(10, 9/16)
(15, 1/2)
(20, 39/64)
(20′, 3/4)
(20′′, 63/64)
(36, 55/64)
(45, 1)
(64, 15/16)
c = 32/3 :
(5, 4/15)
(10, 2/5)
(15, 28/45)
(24, 5/9)
(40, 11/15)
(45, 32/45)
(50, 14/15)
(70, 14/15)
(75, 8/9)
c = 14 :
(6, 7/24)
(15, 7/15)
(20, 21/40)
(21, 2/3)
(35, 3/5)
(70, 33/40)
(84, 19/24)
(105, 13/15)
(120, 119/120)
(189, 1)
c = 15 :
(10, 3/8)
(16, 15/32)
(45, 2/3)
(54, 5/6)
(120, 7/8)
(144, 85/96)
(210, 1)
c = 39/2 :
(27, 13/24)
(78, 3/4)
T
ab
le
1:
U
n
itary,
p
oten
tially
m
assless
rep
resen
tation
s
for
variou
s
gau
ge
grou
p
s
an
d
levels.
E
ach
rep
resen
tation
R
is
listed
as
(n
,h
R
)
w
h
ere
n
is
its
d
im
en
sion
an
d
h
R
its
con
form
al
d
im
en
sion
.
F
or
each
grou
p
,
th
e
m
ax
im
u
m
strin
g-allow
ed
level
k
m
a
x
is
d
eterm
in
ed
b
y
req
u
irin
g
th
at
its
cen
tral
ch
arge
n
ot
ex
ceed
22.
23
this table that while the fundamental representations of each group always appear
for all levels k ≥ 1, the adjoint representations do not appear until levels k ≥ 2.
This is a crucial observation, since the GUT Higgs field that is typically required in
order to break a grand-unified group such as SU(5) or SO(10) down to the MSSM
gauge group SU(3) × SU(2) × U(1)Y must transform in the adjoint of the unified
group. Thus, we see that the dual requirements of a unitary worldsheet theory and
a potentially massless adjoint Higgs representation force any string GUT group G to
be realized at a level kG ≥ 2.
4.2 Why higher levels are harder
This, it turns out, is a profound requirement, and completely alters the methods
needed to construct such models. We shall now explain why subtleties arise, and how
they are ultimately resolved.
4.2.1 The subtleties
In order to fully appreciate the subtleties that enter the construction of string models
with higher-level gauge symmetries, let us first recall the simplest string construc-
tions — those based on free worldsheet bosons or fermions. These constructions are
called free-field constructions, and encompass all of the string constructions (such as
the free-fermionic, lattice, or orbifold constructions) which have formed the basis of
string GUT model-building attempts in recent years. In a four-dimensional heterotic
string, the conformal anomaly on the left-moving side can be saturated by having
22 internal bosons ΦI (I = 1, ..., 22), or equivalently 22 complex fermions ψI . If we
treat these bosons or fermions indistinguishably, this generates an internal symmetry
group SO(44), and we can obtain other internal symmetry groups by distinguishing
between these different worldsheet fields (e.g., by giving different toroidal bound-
ary conditions to different fermions ψI). Such internal symmetry groups are then
interpreted as the gauge symmetry groups of the effective low-energy theory.
In general, the spacetime gauge bosons of such symmetry groups fall into two
classes: those of the form ψµ|0〉R⊗i∂φI |0〉L give rise to the 22 Cartan generators of the
gauge symmetry, while those of the form ψµ|0〉R⊗eiαφI eiβφJ |0〉L with α2+β2 = 2 give
rise to the non-Cartan generators. Equivalently, in the language of complex fermions,
both classes of gauge bosons take the simple form ψµ|0〉R ⊗ ψIψJ |0〉L: if I = J (so
that one left-moving fermionic excitation is the antiparticle of the other), we obtain
the Cartan gauge-boson states, whereas if I 6= J we obtain the non-Cartan states.
Taken together, the Cartan and non-Cartan states fill out the adjoint representation
of some Lie group. The important point to notice here, however, is the fact that in
the fermionic formulation, two fermionic excitations are required on the left-moving
side (or equivalently, we must have α2 + β2 = 2 in the bosonic formulation). Indeed,
not only is this required in order to produce the two-index tensor representation
that contains the adjoint representation (as is particularly evident in the fermionic
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construction), but precisely this many excitations are also necessary in order for the
resulting gauge-boson state to be massless. This is evident from the fact that the
conformal dimension of the state eiαφ
I
eiβφ
J |0〉L is given by h = (α2+β2)/2. We must
have h = 1 for a massless gauge boson.
The next step is to consider the corresponding charge lattice, which can be con-
structed as follows. Each of the left-moving worldsheet bosons φI has, associated
with it, a left-moving current JI ≡ i∂φI (or, in a fermionic formulation, a current
JI ≡ ψIψI). The eigenvalue QI of this current when acting on a given state yields
the charge of that state. Thus, we see that the complete left-moving charge of a
given state is a 22-dimensional vector Q, and the charges of the above gauge-boson
states together comprise the root system of a rank-22 gauge group (which can be
simple or non-simple). However, the properties of this gauge group are highly con-
strained. For example, the fact that we require two fundamental excitations in order
to produce the gauge-boson state (or equivalently that we must have α2 + β2 = 2
in a bosonic formulation) implies that each non-zero root must have (length)2 = 2.
Indeed, h = Q2/2. Thus, we see that we can obtain only simply-laced gauge groups
in such constructions! Moreover, it turns out that in such constructions, the GSO
projections only have the power to project a given non-Cartan root into or out of the
spectrum. Thus, while we are free to potentially alter the particular gauge group in
question via GSO projections, we cannot go beyond the set of rank-22 simply-laced
gauge groups.
As the final step, let us now consider the affine level at which such groups are
ultimately realized. Indeed, this is another property of the gauge group that cannot
be altered in such constructions. As we saw in Eq. (2.7), the affine level k is defined
through the OPE’s of the currents Ja. However, with fixed normalizations for the
currents Ja and structure constants f
abc, we see from Eq. (2.7) that
kG · |~αh|2 = constant = 2 . (4.4)
Thus, with roots of (length)2 = 2, we see that our gauge symmetries are realized at
level kG = 1. Indeed, if we wish to realize our gauge group at a higher level (e.g.,
kG = 2), then we must somehow devise a special mechanism for obtaining roots of
smaller length (e.g., length = 1). However, as discussed above, this would naively
appear to conflict with the masslessness requirement. Thus, at first glance, it would
seem to be impossible to realize higher-level gauge symmetries within free-field string
models.
4.2.2 The resolution
Fortunately, however, there do exist various methods which are capable of yielding
higher-level gauge symmetries within free-field string constructions. Indeed, although
these methods are fairly complicated, they share certain simple underlying features.
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We shall now describe, in the language of the above discussion, the underlying mech-
anism which enables such symmetries to be realized. The approach we shall follow is
discussed more fully in Ref. [7].
As we have seen, the fundamental problem that we face is that we need to realize
our gauge-boson string states as massless states, but with smaller corresponding
charge vectors (roots). To do this, let us for the moment imagine that we could
somehow project these roots onto a certain hyperplane in the 22-dimensional charge
space, and consider only the surviving components of these roots. Clearly, thanks to
this projection, the “effective length” of our roots would be shortened. Indeed, if we
cleverly choose the orientation of this hyperplane of projection, we can imagine that
our shortened, projected roots could either
• combine with other longer, unprojected roots (i.e., roots which originally lay
in the projection hyperplane) to fill out the root system of a non-simply laced
gauge group; or
• combine with other similarly shortened roots to fill out the root system of a
higher-level gauge symmetry.
Thus, such a projection would be exactly what is required.
The question then arises, however: how can we achieve or interpret such a hyper-
plane projection in charge space? Clearly, such a projection would imply that one or
more dimensions of the charge lattice should no longer be “counted” towards building
the gauge group, or equivalently that one or more of the gauge quantum numbers
should be lost. Indeed, such a projection would entail a loss of rank (commonly called
“rank-cutting”), which corresponds to a loss of Cartan generators. Thus, we see that
we can achieve the required projection if and only if we can somehow construct a
special GSO projection which, unlike those described above, is capable of projecting
out a Cartan root !
What kinds of string constructions can give rise to such unusual GSO projections?
Clearly, as we indicated, such GSO projections cannot arise in the simplest free-field
constructions based on free bosons or complex fermions. Instead, we require highly
“twisted” orbifolds (typically asymmetric, non-abelian orbifolds [26, 27, 28, 29]), or
equivalently constructions based on so-called “necessarily real fermions” [30, 31]. The
technology for constructing such string theories is continually being developed and
refined [20, 21, 22, 23, 29]. The basic point, however, is that such “dimensional
truncations” of the charge lattice are the common underlying feature in all free-field
constructions of higher-level string models. Moreover, we also see from this point of
view that such higher-level gauge symmetries go hand-in-hand with rank cutting and
the appearance of non-simply laced gauge groups.
As an example of how such “dimensional truncations” work, let us consider the
well-known method of achieving a level-two affine Lie algebra which consists of ten-
soring together two copies of any group G at level one, and then modding out by
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SU(2)
SU(2) (B)
(A)
SU(2)
1
1
2
(V)
axis of
truncation
dimensional
Figure 7: The root system of SU(2)
(A)
1 × SU(2)(B)1 (denoted by open circles), and
its dimensional truncation onto the diagonal subgroup SU(2)
(V )
2 (with new non-zero
roots denoted by shaded circles).
the symmetry interchanging the two group factors. This leaves behind the diagonal
subgroup G at level two. This construction is well-known in the case G = E8, where
it serves as the underlying mechanism responsible for the non-supersymmetric (level-
two) single-E8 string model in ten dimensions [32]. For simplicity, let us analyze this
construction for the case G = SU(2). If we start with an SU(2)
(A)
1 ×SU(2)(B)1 gauge
symmetry, as illustrated in Fig. 7, then modding out by their interchange symmetry
[i.e., constructing the diagonal subgroup SU(2)(V )] corresponds to projecting or di-
mensionally truncating the roots onto the diagonal axis corresponding to the diagonal
Cartan generator J (V )z = J
(A)
z + J
(B)
z . As we can see from Fig. 7, this reproduces the
SU(2) root system, but scaled so that roots which formerly had length
√
2 now have
length 1. Thus we have realized SU(2) at level two as the diagonal survivor of this
dimensional-truncation procedure. Indeed, it is clear that this diagram generalizes to
any groups G
(A)
1 ×G(B)1 , since the roots of the two level-one root systems are always
orthogonal to each other, and hence project onto the diagonal axes with a reduction
in length by a factor cos 45◦ = 1/
√
2. Moreover, we see that this also generalizes to
any number of identical group factors tensored together, G
(1)
1 ×G(2)1 × ...G(n)1 , leaving
behind the completely diagonal subgroup G at level n. More sophisticated examples
of such dimensional truncations, along with descriptions of their basic properties and
uses, can be found in Ref. [7].
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4.3 Current status and recent developments
Thus far we have described, in a model-independent way, the basic ingredients that
go into the realization of higher-level gauge symmetries in string theory. However, the
construction of an actual satisfactory string GUT model is a far more difficult affair.
In particular, while the methods for realizing the special GSO projections that effect
rank-cutting are now well-understood, it is still necessary to reconcile these special
projections with the “ordinary” GSO projections that yield, for example, (1) three
and only three massless chiral generations; (2) no extra exotic chiral matter; and
(3) the proper Higgs content and couplings (e.g., in order to avoid proton decay).
Indeed, in string GUT models (just as in ordinary field-theoretic GUT models), the
problem of proton decay is a vital issue.
Until recently, it appeared that such a reconciliation might not be possible. In
particular, despite various early attempts [20, 21], no three-generation models with
higher-level GUT symmetries had been constructed, and it might have seemed that
the requirement of three generations might, by itself, be in fundamental conflict with
the requirement of higher-level gauge groups. However, it has recently been shown
that this is not the case for a variety of GUT gauge groups and levels. A summary
of those groups and levels for which consistent three-generation string GUT models
have been constructed appears in Table 2. In particular, level-two SU(5) models were
obtained in Ref. [22] using a symmetric orbifold construction and in Ref. [23] using
the free-fermionic construction [30, 31]. By contrast, level-three SU(5), SO(10), and
E6 models were obtained in Refs. [24, 25] using an asymmetric orbifold construction
developed in Ref. [29]. All of these models realize their higher-level gauge symmetries
via the diagonal embeddings discussed above, and contain extra matter (beyond
the three massless generations and adjoint Higgs representations) in their massless
spectra.
k = 2 k = 3 k = 4
SU(5)
√ √√
?
SO(10) ?
√√
?
E6 ?
√√
?
Table 2: Progress in the construction of three-generation higher-level string GUT
models. A single check (
√
) indicates the construction of three-generation string
models with extra chiral matter in the massless spectrum, whereas a double check
(
√√
) signifies the construction of three-generation string models with extra non-
chiral (vector-like) matter in the massless spectrum. No three-generation models have
been constructed without additional chiral or vector-like matter. Question marks
indicate that no three-generation models have yet been constructed.
The existence of these three-generation models clearly demonstrates that such
string GUT models are possible. Unfortunately, it is not yet clear whether such
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models are entirely “realistic”, for the other problems listed above tend to remain
unresolved for the string GUT models. For example, the three-generation level-two
SU(5) models constructed in Refs. [22, 23] all contain extra chiral 15 representa-
tions of SU(5), which would give rise to extra color sextets after GUT symmetry
breaking. Indeed, because these states are chiral, they remain light and are thus
phenomenologically unacceptable. Likewise, the three-generation level-three models,
although promising, have yet to be examined in detail, and in particular it remains
to examine their superpotentials and Higgs couplings to see if realistic low-energy
phenomenologies are possible and if any undesirable extra vector-like matter can be
made superheavy. However, the pace of recent progress in both the free-fermionic
and orbifold constructions — along with the recent construction of three-generation
higher-level string models — suggests that the problems faced in this approach are
now simply those of constructing realistic models, and are not fundamental. Further
advances in model construction are therefore likely.
There have also been recent developments in understanding general properties
of such higher-level string GUT models. All of the above string models that have
been constructed use the so-called “diagonal construction” in which the level-k GUT
gauge group G is realized as the diagonal subgroup within a k-fold tensor-product of
group G at level one:
Gk ⊂ G × G × ... × G . (4.5)
Such diagonal embeddings were described in Sect. 4.2.2, and were illustrated in Fig. 7
for the case of SU(2)2. Unfortunately, however, the diagonal construction is a very
expensive and inefficient way of realizing such higher-level gauge groups, for it requires
that one first build a string model with the larger gauge group G×G× ...×G, and
then subsequently break to the diagonal subgroup. Indeed, because of its larger rank,
this tensor-product group typically occupies many more dimensions of the charge
lattice than would be required for only the higher-level subgroup; it also requires
greater central charge than the higher-level subgroup itself would require. Thus,
such diagonal realizations of higher-level gauge symmetries come with extra hidden
“costs” beyond those due to the higher-level gauge symmetries themselves, and imply
that such string models will have smaller hidden-sector gauge symmetries than would
otherwise be possible. This in turn means that one has less flexibility for controlling
or arranging many other desired phenomenological features of a given string model.
It would therefore be useful to have a general method of surveying whether the
diagonal embeddings in Eq. (4.5) are the only embeddings that can be employed
for realizing higher-level GUT gauge symmetries in free-field string constructions, or
whether other more efficient embeddings are possible.
Such a general survey has recently been completed [7]. By studying the dimen-
sional truncations that are necessary in order to achieve higher-level gauge symme-
tries, it has been shown [7] that each such truncation corresponds uniquely to a
so-called “irregular” embedding in group theory. Given this information, it has now
been possible to classify all possible ways of realizing higher-level gauge symmetries
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G′k ⊂ G ∆c ∆r ξ
SU(5)2 Diagonal only 8/7 4
SU(5)3 SU(10)1 0 5 +3
SU(5)4 SU(15)1 10/3 10 +2
SU(5)4 SU(16)1 13/3 11 +1
SU(6)2 Diagonal only 5/4 5
SU(6)3 Diagonal only 10/3 10
SU(6)4 SU(15)1 0 9 +6
SO(10)2 SU(10)1 0 4 +1
SO(10)3 Diagonal only 30/11 10
SO(10)4 SU(16)1 0 10 +5
SO(10)4 [SU(10)1]
2 3 13 +2
SO(10)4 SU(10)1 × [SO(10)1]2 4 14 +1
SO(10)k>4 Impossible
(E6)2 Diagonal only 6/7 6
(E6)3 Diagonal only 12/5 12
(E6)k>3 Impossible
Table 3: The complete list of all possible non-diagonal free-field string embeddings
that can give rise to SU(5)k, SU(6)k, SO(10)k, and (E6)k at levels 2 ≤ k ≤ 4. Here
∆r and ∆c are the extra rank and central charge required for each embedding, and ξ
is the “savings” in these quantities relative to the corresponding diagonal embedding.
in free-field string theories [7], and a complete list of all embeddings for the GUT
groups SU(5), SU(6), SO(10), and E6 for levels k = 2, 3, 4 is given in Table 3. For
each such embedding G′k ⊂ G, we have also listed the extra ranks and central charges
that are required for its realization,
∆r = rankG − rankG′
∆c = c(G) − c(G′k) , (4.6)
where the central charges are computed according to Eq. (4.1). Note that in many
cases, the only possible higher-level embeddings are in fact the diagonal embeddings.
However, it is evident from Table 3 that there also exist many new classes of embed-
dings which might form the basis for new types of string GUT model constructions.
In particular, some of these new embeddings require less rank and central charge for
their realization than the diagonal embeddings, and are therefore significantly more
efficient. For such embeddings, we have defined the quantity ξ which appears in
Table 3 in such a way as to measure this improved efficiency in central charge and
rank relative to the diagonal embedding:
ξ ≡ k c(G′1) − c(G) = k (rankG′) − rankG . (4.7)
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Thus, embeddings with ξ > 0 are always more efficient than their diagonal counter-
parts.
This complete classification of higher-level GUT embeddings has also made it
possible to obtain new restrictions on the possibilities for potentially viable string
GUT models. Certain phenomenological characteristics of string GUT models are,
of course, immediately obvious from Table 1 directly. For example, since the 54
representation of SO(10) at level two already saturates the hR = 1 masslessness
constraint, this representation cannot carry any additional quantum numbers under
any gauge symmetries beyond SO(10) in such models. This in turn restricts its
allowed couplings [22], essentially ruling out couplings of the forms X · 54 · 54 or
X · 54 · 54′ where X is any chiral field which transforms as a singlet under SO(10).
Likewise, again following similar sorts of arguments, it has been shown [22] that
all superpotential terms in string GUT models must have dimension ≥ 4. In other
words, explicit mass terms (which would have dimension two) are ruled out. Other
phenomenological consequences of the results in Table 1, especially as they restrict
the possibilities for hidden-sector phenomenology, can be found in Ref. [33]. Indeed,
such string GUT “selection rules” are completely general, and apply to all string
constructions.
However, given the recent classification of GUT embeddings in Table 3, it is now
possible to go beyond these sorts of constraints in the case of string models using
free-field constructions. For example, it has been shown in Ref. [7] that SO(10) can
never be realized at levels exceeding four in free-field string constructions; this result
clearly goes beyond the simple central-charge constraint (which would have permitted
realizations up to k = 7), and thereby implies, for instance, that it is impossible to
realize the useful 126 representation within such SO(10) string GUT models. A
more detailed study [34] shows, in fact, that in free-field heterotic SO(10) string
models using diagonal embeddings, all representations larger than the 16must always
transform as singlets under all gauge symmetries beyond SO(10); moreover, such
constructions can never give rise to the 120 or 144 representations of SO(10). These
results hold regardless of the affine level at which SO(10) is realized (i.e., despite
the general results of Table 1), and essentially reflect the additional costs that are
involved when realizing higher-level gauge symmetries through diagonal embeddings
in free-field string constructions [7, 34]. Indeed, the only known exception to these
rules takes place in a phenomenologically unrealistic non-chiral string model (see,
e.g., Appendix B of Ref. [25]). Likewise, a similar analysis [34] for E6 shows that
E6 can never be realized beyond level three in free-field constructions (even though
the central-charge constraint would have permitted level four); moreover, one finds
that the adjoint 78 representation must always transform as a singlet under all gauge
symmetries beyond E6. Taken together, then, these results thus severely limit the
types of phenomenologically realistic field-theoretic SO(10) and E6 models that can
be obtained using such string constructions. These issues are discussed more fully in
Ref. [34].
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Of course, there are various ways around these difficulties. One method is to
employ the non-diagonal embeddings listed in Table 3; at present, these new embed-
dings have not been explored in the literature, but it has been shown that they may
have improved phenomenological prospects [7, 34]. Another method is to adopt a
string construction which is not based on free worldsheet fields. Such constructions
include, for example, those based on tensor products of Wess-Zumino-Witten mod-
els [35], such as Gepner or Kazama-Suzuki models. These constructions are quite
difficult to implement in practice, however, and thus have not been investigated for
phenomenological purposes.
4.4 String GUT models without higher levels?
The complicated issues that arise when constructing higher-level string GUT mod-
els should not be taken to indicate that the GUT idea cannot be made to work in a
simple manner in string theory. Indeed, even if no completely realistic higher-level
string GUT models are ultimately constructed, there exists an entirely different ap-
proach which, although technically not a “string GUT”, is equally compelling. These
are the so-called G × G models, which have been examined in both string-theoretic
[21, 22, 36, 37] and field-theoretic [38] contexts. The basic idea is as follows. We have
seen in Fig. 7 that one can realize a gauge symmetry group G at level kG = 2 by
starting with a gauge symmetry G× G realized at level one, and then modding out
by the ZZ2 symmetry that interchanges the two group factors. Indeed, this is just the
diagonal construction. In the string GUT models that we have been discussing up
to this point, this final step (the ZZ2 modding) is done within the string construction
itself , so that at the Planck scale, the string gauge symmetry group is G at level
k = 2. However, an alternative possibility is simply to construct a string model with
the level-one gauge symmetry G×G, and then do the final breaking to the diagonal
subgroup G in the effective field theory at some lower scale below the Planck scale.
It turns out that all that is required for this breaking is a Higgs in the fundamental
representation of G × G, and after the breaking one effectively obtains the adjoint
Higgs required for further breaking to the MSSM gauge group:
SU(5) : (5, 5) → 24 + 1
SU(6) : (6, 6) → 35 + 1
SO(10) : (10, 10) → 45 + 54 + 1 . (4.8)
Thus, simply by utilizing the fundamental representations available at level one at the
string scale, one can nevertheless produce effective adjoint representations at lower
scales. String models utilizing this mechanism have been investigated by several
authors [21, 22, 36, 37], and have met with roughly the same level of success as
achieved in the level-two constructions. In particular, three-generation G×G string
models have been constructed for the case of G = SU(5), and in fact one such model
[37] apparently contains no extra chiral matter in its massless spectrum. Note that
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while this mechanism works in principle for SU(5), SU(6), and SO(10), it cannot be
used for E6 since the necessary initial representation (27, 27) would have h > 1 and
thus could not appear in the massless spectrum.
We see, then, that the G × G models clearly represent an alternative scenario
which, although not a strict “string GUT”, could still resolve the gauge coupling
unification problem in the GUT manner, with a unification of MSSM couplings at
MMSSM, followed by the running of a single GUT coupling betweenMMSSM andMstring.
An interesting fact which has recently been pointed out [39], however, is that such
G×G models typically give rise to moduli which transform in the adjoint of the final
gauge group G. As shown in Refs. [39, 40] for the case of color octet moduli and
electroweak triplet moduli with vanishing hypercharge, such extra adjoint states have
the potential to alter the running of the gauge couplings in such a way as to fix the
original discrepancy between MMSSM and Mstring which motivated the consideration
of the GUT in the first place. Of course, it is not known a priori whether these states
will actually have the masses required to resolve this discrepancy. In any case, the
phenomenological problems that afflict the higher-level string models using diagonal
embeddings become even more severe for these level-one G × G models, and thus
must still be addressed.
Finally, we mention that the subtleties with higher levels can also be avoided by
employing a GUT scenario that does not require an adjoint Higgs for breaking to the
MSSM gauge group. An example of such a GUT scenario is flipped SU(5) [41], in
which the required gauge symmetry is G = SU(5)×U(1) and the matter embedding
within G is “flipped” relative to that of ordinary SU(5). Another example is the
Pati-Salam unification scenario [42], for which G = SO(6) × SO(4). These field-
theoretic unification scenarios have been realized within consistent three-generation
string models [43, 44], and will be discussed at various points in Sects. 6–8. Fur-
thermore, even within the level-one “strict GUT” scenarios, it may be possible to
overcome the absence of adjoint Higgs representations by utilizing the string states
with fractional electric charge that often appear in such string models [45, 46]. As
recently suggested in Ref. [47], such states can in principle serve as “preons” which
may bind together under the influence of hidden-sector gauge interactions in order
to form effective adjoint Higgs representations. We shall discuss the appearance of
fractionally charged string states in Sect. 5.4.
Thus, we see that although the string GUT approach to understanding gauge cou-
pling unification is quite subtle and complicated, there has been substantial progress
in recent years both in understanding the general properties of such theories as well
as in the construction of realistic three-generation string GUT models.
5 Path #2: Unification via Non-Standard Levels (kY , k2, k3)
The second possible path to string-scale unification preserves the MSSM gauge
structure between the string scale and the Z scale, and instead attempts to reconcile
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the discrepancy between the MSSM unification scale and the string scale by adjusting
the values of the string affine levels (kY , k2, k3). The MSSM unification scale, of
course, is determined under the assumption that (kY , k2, k3) have their usual MSSM
values (5/3, 1, 1) respectively. However, in string theory the possibility exists for the
MSSM gauge structure to be realized with different values of (kY , k2, k3), thereby
altering, as in Eq. (2.6), the predicted boundary conditions for gauge couplings at
unification. The possibility of adjusting these parameters (especially kY ) was first
proposed in Ref. [48], and has been considered more recently in Refs. [49, 6, 23, 50].
5.1 What is kY ?
Before discussing whether such realizations are possible, we first discuss the defi-
nition of kY . As we explained in Sect. 4, k2 and k3 are the affine levels of the SU(2)
and SU(3) factors of the MSSM gauge group, and these levels are defined through
the relation (2.7). The hypercharge group factor U(1)Y , by contrast, is abelian, and
thus there are no corresponding structure constants fabc or non-zero roots ~αh through
which to fix the magnitudes of the terms in the hypercharge current-current OPE.
In other words, there is no way in which a unique normalization for the hypercharge
current JY can be chosen, and consequently there is no intrinsic definition of kY which
follows uniquely from the algebra of hypercharge currents. Thus, the definition of kY
requires a convention.
In order to fix a convention, we examine something physical, namely scatter-
ing amplitudes. The following argument originates in Ref. [13], and details for the
case of abelian groups can be found in Refs. [51, 6]. For a non-abelian group, the
gauge bosons experience not only couplings to gravity (through vertices of the form
WWg where W is a non-abelian gauge boson and g is a graviton), but also trilinear
self-couplings (through vertices of the form WWW ). It then turns out that kG is
essentially the ratio of these vertices. Indeed, the WWg vertex factor is derived from
the double pole term in Eq. (2.7), whereas the WWW vertex factor is derived from
the single pole term in Eq. (2.7). For an abelian group, however, we have only vertices
of the form Y Y g. We nevertheless define a normalization kY for the U(1)Y current
JY in such a way that it has the same coupling to gravity as a non-abelian current.
As shown in Ref. [13], this is tantamount to requiring that JY have a normalization
giving rise to the OPE
JY (z) JY (w) =
1
(z − w)2 + regular . (5.1)
Given this normalization, we then compute the ratio of the corresponding coupling
gY with the gravitational coupling, and find
8π
GN
α′
= 2 g2Y . (5.2)
Thus, in analogy with Eq. (2.6), we define kY = 2 for an abelian current normalized
according to Eq. (5.1).
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Given these results, it is then straightforward to determine the value of kY corre-
sponding to any U(1) current: we simply determine the coefficient of the double-pole
term in the corresponding current-current OPE,
JY (z) JY (w) =
kY /2
(z − w)2 + regular . (5.3)
Defining kY in this way then insures that the tree-level coupling constant relation
(2.6) holds for abelian group factors as well:
8π
GN
α′
= kY g
2
Y . (5.4)
Thus, in this manner, an invariant meaning can be given to the “affine level” kY of
any abelian group factor U(1)Y .
In practice, in a given string model, the U(1) hypercharge current JY will typically
be realized as a linear combination of the elementary U(1) currents Ji (i = 1, ..., 22)
which comprise the Cartan subalgebra of the gauge group of the model:
JY =
∑
i
ai Ji . (5.5)
Here ai are coefficients which represent the embedding of the hypercharge current JY
into the charge lattice of the model. Since each of these individual Cartan currents
is normalized according to Eq. (5.1), we then find that
JY (z) JY (w) =
∑
i ai
2
(z − w)2 + regular . (5.6)
Thus, for the current (5.5), we have
kY = 2
∑
i
ai
2 . (5.7)
The value of kY is therefore completely determined by the particular hypercharge
embedding {ai}, and is a model-dependent quantity which depends on the way in
which the hypercharge current is realized in a particular string construction.
5.2 Phenomenologically preferred values of (kY , k2, k3)
Given these definitions of the levels for the abelian and non-abelian group factors,
we must now determine the phenomenologically preferred values of (kY , k2, k3) which
would reconcile string unification with the experimentally observed values [9] of the
low-energy couplings given in Eq. (2.13).
The analysis is straightforward, and details can be found in Ref. [6]. We begin
with the one-loop renormalization group equations (RGE’s) for the gauge couplings
in the effective low-energy theory:
16π2
g2i (MZ)
= ki
16π2
g2string
+ bi ln
M2string
MZ
2 + ∆
(total)
i . (5.8)
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Here bi are the one-loop beta-function coefficients, and we keep the affine levels
(kY , k2, k3) arbitrary. In Eq. (5.8), the quantities ∆
(total)
i represent the combined cor-
rections from various string-theoretic and field-theoretic effects such as heavy string
threshold corrections, light SUSY thresholds, intermediate gauge structure, and extra
string-predicted matter beyond the MSSM. These corrections are all highly model-
dependent, as they are strongly influenced by the particular string model or com-
pactification under study. For the purposes of the present analysis, we shall ignore
all of these corrections, for our goal in this section is to determine the extent to which
a suitable foundation for string-scale gauge coupling unification can be established
by choosing appropriate values for (kY , k2, k3), without resorting to large corrections
from these other sources. (The effects of these other sources will be discussed in the
following sections.) There are, however, some important corrections that are model-
independent : these include the corrections that arise from two-loop effects, the effects
of minimal Yukawa couplings, and the effects of renormalization-group scheme con-
version (from the DR-scheme used in calculating Mstring to the MS-scheme used in
extracting the values of the low-energy gauge couplings from experiment). It turns
out that these latter effects are quite sizable, and must be included.
Given the one-loop RGE’s (5.8), we then eliminate the direct dependence on the
unknown string coupling gstring by solving these equations simultaneously in order to
determine the dependence of the low-energy couplings on the affine levels (kY , k2, k3).
If we define the ratios of the levels
r ≡ kY
k2
and r′ ≡ k3
k2
, (5.9)
we then find that the low-energy couplings sin2 θW and αstrong at the Z scale are given
in terms of these ratios as
sin2 θW (MZ) =
1
1 + r
[
1 − (bY − r b2) a
2π
ln
Mstring
MZ
]
+ ∆(sin)
α−1strong(MZ) =
r′
1 + r
[
1
a
−
(
bY + b2 − 1 + r
r′
b3
)
1
2π
ln
Mstring
MZ
]
+ ∆(α) .(5.10)
Here a ≡ αe.m.(MZ) is the electromagnetic coupling at the Z scale, and the correction
terms in these equations are
∆(sin) = − 1
1 + r
a
4π
(∆Y − r∆2)
∆(α) = − r
′
1 + r
1
4π
(
∆Y +∆2 − 1 + r
r′
∆3
)
(5.11)
where (∆Y ,∆2,∆3) are the combined two-loop, Yukawa, and scheme-conversion cor-
rections to the individual couplings (gY , g2, g3) in Eq. (5.8). It can be shown [6] that
these corrections ∆Y,2,3 are approximately independent of the affine levels ki. Thus,
from Eqs. (5.10) and (5.11), we see that the magnitude of sin2 θW depends on only
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Figure 8: Dependence of the unification scale Mstring on the chosen value of r ≡
kY /k2. The different curves correspond to different values of sin
2 θW (MZ) within its
experimental limits, with the lower curve arising for greater values.
Figure 9: Parameter space of allowed values of r′ ≡ k3/k2 and r ≡ kY /k2 that are con-
sistent with the experimentally observed low-energy couplings. The different curves
correspond to different values of the couplings within their experimental uncertain-
ties, with the higher curves arising for smaller values of sin2 θW (MZ) and αstrong(MZ),
and the lower curves arising for greater values. Different points on any single curve
in this plot correspond to different unification scales.
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the single ratio r, while the magnitude of αstrong depends on only the single ratio
r′/(1 + r). These observations imply that the value of kY /k2 can be determined
purely by the value of the coupling sin2 θW at the Z scale, while the value of k3/k2
can then be adjusted in order to maintain an acceptable value for αstrong at the Z
scale.
It is straightforward to evaluate these constraints on (r, r′). For the MSSM with
three generations and two Higgs representations, we have (bY , b2, b3) = (11, 1,−3);
we likewise take as fixed input parameters [52] the Z mass MZ ≡ 91.161 ± 0.031
GeV and the electromagnetic coupling at the Z-scale a−1 ≡ αe.m.(MZ)−1 = 127.9±
0.1. Given the experimentally measured low-energy couplings listed in Eq. (2.13)
and the calculated values of the combined two-loop, Yukawa, and scheme-conversion
corrections [6]
∆Y ≈ 11.6 , ∆2 ≈ 13.0 , ∆3 ≈ 7.0 , (5.12)
we can now determine which values of (r, r′) yield a successful unification. The results
[6] are shown in Figs. 8 and 9. In Fig. 8, we show the dependence of the scale of
unification on the choice of the ratio r; as expected, we find that r = 5/3 leads to
a unification scale approximately at MMSSM ≈ 2 × 1016 GeV, while unification at
the desired string scale Mstring ≈ 5 × 1017 GeV occurs only for smaller values of r,
typically r ≈ 1.5. Note that this curve relies on only the low-energy input from
a ≡ αe.m.(MZ) and sin2 θW (MZ). In Fig. 9, by contrast, we see how the value of
r′ must then be correspondingly adjusted in order to maintain an experimentally
acceptable value for αstrong(MZ). Thus, Fig. 9 summarizes those combinations of
(r, r′) which are consistent with the phenomenologically acceptable values for each of
the three low-energy couplings. It is clear from this figure that decreases in r must
generally be accompanied by increases in r′ in order to obtain acceptable low-energy
couplings; moreover, only the approximate region 1.5 ≤ r ≤ 1.8 is capable of yielding
r′ ≈ 1. This is an important constraint, for the non-abelian affine levels k2 and k3 are
restricted to be integers, and thus arbitrary non-integer values of r′ could generally
be approximated only with extremely high levels k2, k3 ≫ 1.
The analysis thus far has only constrained the values of the ratios of the levels
(kY , k2, k3), for the renormalization group equations (5.10) give us no constraints con-
cerning the absolute sizes of the affine levels. Fortunately, however, there is one ad-
ditional constraint which must be imposed in order to reflect the intrinsically stringy
nature of the unification. In field theory, there are ordinarily two independent param-
eters associated with unification: the value of the coupling at the unification scale,
and the unification scale itself. In string theory, by contrast, these two parameters
are tied together via Eq. (2.10). Thus, in string theory it is actually not sufficient
to determine the ratios kY /k2 and k3/k2 by merely demanding that they agree with
low-energy data. Rather, we must also demand that if our low-energy couplings are
run up to the unification point in a manner corresponding to certain values of the
levels (kY , k2, k3), then the value of the predicted coupling gstring at the unification
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scale must be in agreement with that unification scale. If this final constraint is not
met, we have not achieved a truly “stringy” unification.
This constraint may be imposed as follows [6]. We can choose one of our three
couplings at low energy (the electromagnetic coupling, for example), and allow it to
run upwards in energy until its value as a function of the mass scale coincides with
the mass scale itself as in Eq. (2.10). This then yields the following transcendental
self-consistency equation [6] which constrains the allowed values of the coupling (or
equivalently, the unification scale) as a function of the affine levels that govern the
running:
1
αstr
=
1
kY + k2
[
1
a
− bY + b2
2π
ln
√
4παstr (5.27× 1017GeV)
MZ (GeV)
]
+ ∆(trans) .
(5.13)
Here αstr ≡ g2string/(4π), and the combined two-loop, Yukawa, and scheme-conversion
correction ∆(trans) is given in terms of the individual corresponding ∆i in Eq. (5.8)
by
∆(trans) = − ∆Y +∆2
kY + k2
. (5.14)
The important thing to notice about this self-consistency constraint is that it depends
on the absolute values of the affine levels, and not only on their ratios. Thus, by
combining this constraint with our previous experimental constraints, we can fix not
only the ratios kY /k2 and k3/k2 of the affine levels, but also their absolute values.
These final results are shown in Figs. 10 and 11. In Fig. 10, we display the
numerical solutions to the transcendental self-consistency equation (5.13), plotting
gstring ≡
√
4παstr as a function of kY + k2, both with and without the two-loop,
Yukawa, and scheme-conversion corrections. As we can see, the effect of the correc-
tions (5.14) is quite significant. For kY + k2 = 5/3 + 1 = 8/3, we find, as expected,
that 0.7 ≤ gstring ≤ 1.0, while for higher values of kY +k2, the required string coupling
increases significantly. Finally, combining this result with Fig. 9, we obtain Fig. 11:
this strong dependence between r ≡ kY /k2 and k2 arises because the choice of a
particular value of r ≡ kY /k2 not only sets a particular unification scale, but with
that choice of scale comes a certain scale for the string coupling via Eq. (2.11), and
this in turn requires, via Eq. (5.13), a certain absolute magnitude for the affine levels.
This combined dependence is clearly quite dramatic. In particular, we see from this
figure that values of r in the range 1.45 ≤ r ≤ 1.5 are consistent with relatively small
affine levels k2,3 = 1, 2, but that for smaller values of r, the required affine levels
increase dramatically. Of course, the precise placement of the curves in this plot de-
pends quite strongly on the exact value of sin2 θW (MZ) (as shown), as well as on the
various threshold corrections we have been neglecting. Indeed, although we expect
these curves to remain essentially independent of these corrections above r ≈ 1.45,
we see that the region r < 1.45 depends exponentially on the precise corrections.
Thus, the lower-r regions of these curves are best interpreted as qualitative only.
39
Figure 10: Numerical solutions to the transcendental equation (5.13) for different
values of kY + k2, with the two-loop, Yukawa, and scheme-conversion corrections
included (upper curve), and omitted (lower curve).
Figure 11: Dependence of k2 on r ≡ kY /k2. In this plot, the different curves
correspond to different values of sin2 θW (MZ), with the lower/left curves arising for
greater values.
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Nevertheless, the general shapes of these curves, evidently requiring extremely large
changes in the absolute values of k2 and k3 for seemingly modest shifts in the ratio
r ≡ kY /k2, are striking and should provide extremely strong constraints on realistic
string model-building.
It is clear, then, that only certain tightly-constrained values (kY , k2, k3) are phe-
nomenologically allowed if we are to achieve string-scale unification with only the
MSSM spectrum, and without resorting to large corrections from heavy string thresh-
olds or extra non-MSSM matter. Indeed, from Figs. 9 and 11, we see that the best
phenomenologically allowed regions of (kY , k2, k3) exist in a narrow band stretching
through different values of r in the range 1.4 ≤ r ≤ 1.5. For example, at the lower
end of this band (r ≈ 1.4) we have values such as (kY , k2, k3) ≈ (21, 15, 17), whereas
at intermediate regions of the band (r ≈ 1.42) we have values such as (kY , k2, k3) ≈
(14.2, 10, 11), and at higher regions (r ≈ 1.5) we have (kY , k2, k3) ≈ (1.5, 1, 1) or
(3, 2, 2).
Of course, strictly speaking, the smaller values of r ≈ 1.4 are phenomenologically
preferred, since they require the larger absolute values of (k2, k3) which in turn enable
us to more precisely approximate the required corresponding values of r′ shown in
Fig. 9. However, for the purposes of string model-building, it turns out that smaller
values for the non-abelian affine levels, such as k2, k3 = 1 or 2, are strongly preferred
on practical grounds. Indeed, not only does it grow increasingly difficult to build
string models with higher values of (k2, k3), but unwanted SU(3) and SU(2) repre-
sentations of increasing dimensionality begin to appear in the massless spectrum as
these non-abelian levels are increased. We have seen both of these features in Sect. 4.
Thus, for the purposes of string model-building, the preferred regions of parameter
space are actually in the higher -r region, with r ≈ 1.5 and with k2 = k3 = 1 or 2.
One would then hope that relatively small corrections from other sources such heavy
string thresholds would increase the effective value of r′ from r′ = 1 to r′ ≈ 1.05−1.1.
Furthermore, in this higher-r region, such corrections are not expected to have a ma-
jor effect on the validity of the curves in Fig 11.
Thus, in this “path to unification”, one attempts to realize string models or
embeddings with affine levels in the range
preferred values :
{
k2 = k3 = 1 or 2
r ≡ kY /k2 ≈ 1.45− 1.5 . (5.15)
5.3 Hypercharge embeddings with kY /k2 < 5/3 ?
Given the preferred affine levels in Eq. (5.15), the next question is to ask whether
such levels (or combinations of levels) can be realized in string theory. What are the
constraints that govern which combinations of (kY , k2, k3) are mutually realizable in
self-consistent realistic string models?
Certain constraints are rather simple to formulate. For example, as we have al-
ready mentioned, worldsheet symmetries alone (namely, unitarity of the worldsheet
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conformal field theory) dictate that for non-abelian groups G, the corresponding
affine levels kG are restricted to be integers. Thus k2, k3 ∈ ZZ. By contrast, kY is the
normalization of the abelian group factor U(1)Y , and thus the value of kY is arbitrary
(as far as the worldsheet theory is concerned). Nevertheless, there are also spacetime
phenomenological constraints that also come into play. For example, it is straight-
forward to show [46] that any phenomenologically consistent string model containing
the MSSM right-handed electron singlet state eR must have kY ≥ 1. This constraint
essentially arises because the right-handed electron is a color- and electroweak-singlet
in the MSSM. This implies that the sole contribution to the conformal dimension of
this state from the Standard Model gauge group factors is solely that from its weak
hypercharge YeR. This state must also be massless, however. From Eq. (4.3), we then
find
(YeR)
2
kY
≤ 1 , (5.16)
and since YeR = 1 in the appropriate normalizations, we find kY ≥ 1. Indeed, given
all of the MSSM representations, it turns out that this is the strongest constraint
that can be obtained in this manner.
The question then arises as to whether other phenomenological constraints can
also be imposed on the value of kY . A general expectation might be that kY = 5/3
is the minimal value allowed, simply because the standard SO(10) embedding is an
extremely economical way to embed all three generations with universal weak hyper-
charge assignment. Indeed, all of the realistic level-one string models constructed to
date have kY ≥ 5/3, and most trivial extensions of the SO(10) embedding tend to
increase the value of kY . Indeed, various initial searches for string models realizing
kY < 5/3 had been unsuccessful [49]. However, the possibility remains that there
might exist special, isolated string models or constructions which manage to circum-
vent this bound, and populate the range 1 ≤ kY < 5/3. Thus, it is an important
question to determine what values of kY are allowed in string theory, and to deter-
mine whether the desired values kY ≤ 5/3 (or, more generally, kY /k2 ≤ 5/3) are even
possible.
As we discussed at the beginning of this section, the “level” kY corresponding
to any abelian group factor is defined through the relation (5.3). Given a par-
ticular hypercharge embedding as in Eq. (5.5), the value of kY is determined by
Eq. (5.7). Of course, the particular hypercharge embedding that arises in a given
string model is fixed in turn by the embeddings of the corresponding MSSM rep-
resentations. Specifically, as we discussed in Sect. 4, corresponding to each MSSM
state s ∈ {QL, uR, dR, LL, eR, H+, H−} there exists a charge vector Q(s), and we must
carefully choose the coefficients ai in such a way that the quantity
∑
i aiQ
(s)
i repro-
duces the correct MSSM hypercharge assignment Y (s) for each state. This is a strong
constraint, and it is not always possible to find such solutions in a given string model.
As a first step, therefore, we seek to determine whether there exist consistent
MSSM embeddings that permit hypercharge solutions with kY < 5/3. If so, we then
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seek to know whether such embeddings can be realized in consistent and realistic
string models.
5.3.1 “Minimal” hypercharge embeddings
We first concentrate on recent results concerning the so-called “minimal” embeddings,
since most realistic string models constructed to date employ such embeddings. By a
“minimal” embedding, we refer to a hypercharge embedding in which the coefficients
ai vanish for all of the lattice directions except those corresponding to the non-
abelian MSSM gauge group factors SU(3)C × SU(2)W . In most standard level-one
string constructions, the color SU(3)C group factor is embedded within the first
three lattice components (i = 1, 2, 3), and the electroweak SU(2)W group factor is
embedded within the next two components (i = 4, 5). Thus, in such cases, minimal
hypercharge embeddings are those for which ai = 0 for i ≥ 6.
Due to their tightly constrained nature, such minimal embeddings are particularly
straightforward to analyze, and one can systematically attempt to construct MSSM
embeddings (i.e., charge vectors Q for each of the MSSM representations plus Higgs
representations) in such a way that they permit a consistent hypercharge assignment
with kY < 5/3. Of course, these MSSM embeddings are subject to a variety of
constraints [6]. First, each MSSM charge vector must have the correct form corre-
sponding to its representation under SU(3)C × SU(2)L. Second, the length of each
such charge vector is constrained by the appropriate masslessness condition. Third,
each representation must have a charge vector which allows it to be realized as a
chiral state; indeed, some charge vectors can be shown to correspond to non-chiral
states only, with their chiral conjugates always present in the model. Another po-
tential constraint that one may choose to impose is that these MSSM charge vectors
should be consistent with having the required mass terms arise at the cubic level of
the superpotential. Finally, one may also impose a moding constraint on the charge
vectors; such a constraint generally reflects a particular set of allowed boundary con-
ditions in a fermionic string construction, or equivalently a certain ZZN twist in a
bosonic formulation.
By analyzing all possible minimal embeddings, various results have recently been
obtained. First, it has been shown that for a large class of realistic string models,
one must always have [6]
kY = 5/3 , 11/3 , or 14/3 . (5.17)
This class includes all level-one string models with minimal embeddings in which the
MSSM matter arises in sectors with ZZ/2 modings. Thus, for such models, we must
always have kY ≥ 5/3.
By contrast, it has also been shown that it is possible to circumvent this result
by considering minimal embeddings beyond this class (i.e., embeddings with higher
affine levels for the non-abelian MSSM group factors and/or higher modings for the
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MSSM matter). Indeed, although almost all of the consistent hypercharge embed-
dings beyond this class have kY /k2 ≥ 5/3, it has been found [6] that there do exist
several isolated embeddings which have kY < 5/3. For example, given the level-one
SU(3)C × SU(2)L embedding which is typically employed in the so-called “NAHE”
models [53], the following MSSM matter embedding
QL : Q = (−1/2,−1/2, 1/2, 0, 1)
uR : Q = (1/4, 1/4,−3/4,−3/4,−3/4)
dR : Q = (3/4, 3/4,−1/4,−1/4,−1/4)
LL : Q = (−1/4,−1/4,−1/4,−3/4, 1/4)
eR : Q = (1/2, 1/2, 1/2, 1/2, 1/2)
H+ : Q = (1/4, 1/4, 1/4, 3/4,−1/4)
H− : Q = (−1/4,−1/4,−1/4,−3/4, 1/4) (5.18)
has a consistent hypercharge solution
Y =
5
12
(Q1 +Q2 +Q3) +
3
8
(Q4 +Q5) . (5.19)
This embedding, which satisfies all of the above-mentioned constraints including the
cubic-level mass-term constraint, corresponds to kY = 77/48, which is less than
5/3. Clearly, this embedding makes use of ZZ/4 modings. Likewise, there also exist
kY /k2 < 5/3 embeddings which rely on having k2 > 1 [6]. Unfortunately, it is
not yet known whether such embeddings can be realized in actual string models.
Thus, it is not known whether such embeddings are consistent with other desirable
phenomenological properties such as N = 1 spacetime SUSY, three and only three
chiral generations, anomaly cancellation, and no unacceptable exotic matter.
5.3.2 “Extended” hypercharge embeddings
An alternative recent approach is to examine the so-called “extended” hypercharge
embeddings [54, 23] in which the hypercharge current involves Cartan generators
beyond those employed in realizing the non-abelian MSSM group factors. Because
the structure of such embeddings is significantly less constrained than those of the
minimal embeddings, they cannot be analyzed in a similar constructive manner. Nev-
ertheless, by adequately sampling the space of string models (e.g., by computer), it
is possible to find models that employ such extended hypercharge embeddings [23].
Moreover, it has recently been found that some of these models exhibit hypercharge
embeddings with kY < 5/3 along with N = 1 spacetime SUSY, three complete chiral
generations, and U(1) anomaly cancellation. This, then, confirms the existence of
string models with kY < 5/3. In fact, several of these models also exhibit contin-
uously variable values of kY ; this surprising flexibility results from the freedom to
continuously deform the particle identification in these models, ultimately providing
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a one-parameter family of possible charge assignments and corresponding values of
kY within a single model. Unfortunately, all of these models turn out to contain
fractionally charged states that could survive in their light spectra. Whether such
states may be removed without destroying these features or increasing kY remains
an open question.
5.4 Avoiding fractionally charged states
The appearance of color-neutral string states carrying fractional electric charge
is a well-known problem in string theory [45], and is one of the problems that must
be faced in any attempt to build a realistic string model. Such states represent a
problem because of the strong constraints that stem from the failure of numerous
experimental searches for such fractionally charged particles [55]. Unfortunately, the
problem of color-neutral fractionally charged states in string theory becomes even
more severe when attempting to build string models with non-standard values of
(kY , k2, k3), for there exists a deep relation [46] between the values of these levels and
the types of fractionally charged states that can appear in the corresponding string
model. We shall now discuss this relation and some recent developments concerning
its implications for gauge coupling unification.
The basic idea behind this relation can be found in Ref. [46], which in turn rests
upon ideas developed in Refs. [56, 57]. Let us begin by supposing that our string
model is based upon a rational worldsheet conformal field theory, and is to contain
only those states which (after forming color-neutral bound states) carry integer elec-
tric charge. Given this requirement, it is possible to construct a certain current Jˆ in
the worldsheet conformal field theory which satisfies two properties. First, Jˆ must
be a simple current , meaning that it must have a one-term fusion rule with all other
primary fields φ in the theory:
Jˆ × φ = φ′ . (5.20)
Second, Jˆ must be local with respect to all other primary fields φ which appear in
the theory, so that the Jˆφ OPE takes the form
Jˆ(z)φ(w) ∼ φ
′(w)
(z − w)α + ... (5.21)
where the exponent α ≡ h(Jˆ)+h(φ)−h(φ′) is always an integer. Since this exponent
can ultimately be related to the electric charge of the state created by φ, it is the
assumption of charge integrality for all of the string states which allows us to construct
a current Jˆ for which Eq. (5.21) is always satisfied. Given any current Jˆ meeting
these two conditions, it can then be shown that such a current must be a field which
is also present in the theory. However, if this current is to be present in the theory,
modular invariance then requires that its conformal dimension be an integer. Since
the conformal dimension of Jˆ depends on the affine levels (kY , k2, k3), we thereby
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obtain a constraint on these levels. In other words, we thereby determine which
combinations of affine levels are consistent with modular invariance and integrally
charged states.
The result one finds [46] by carrying out this procedure is relatively simple: string
models can be modular invariant and free of color-neutral fractionally charged states
if and only if
k3
3
+
k2
4
+
kY
4
≡ 0 (mod 1) . (5.22)
It is easy to see, then, that for k2 = k3 = 1, the minimum allowed value of kY is
indeed kY = 5/3. Thus, for level-one string models with only integer-charged states,
we have
kY ≥ 5/3 . (5.23)
We also obtain the same result for level-two models. Recall from Eq. (5.15) that
gauge coupling unification requires k2 = k3. Taking k2 = k3 = 2 in Eq. (5.22) shows
that kY ≥ 10/3, so that once again kY /k2 ≥ 5/3.
In general, though, string models do contain color-neutral fractionally charged
states. In fact, as also shown in Ref. [46], it is impossible to have a level-one SU(3)×
SU(2)×U(1)Y string model with kY = 5/3 without having such fractionally charged
states in the corresponding spectrum, for any GSO projections that would remove
all of the fractionally charged states in such cases would also simultaneously promote
the SU(3) × SU(2) × U(1)Y gauge symmetry to level-one SU(5). How then can
we reconcile our desire to have string models with kY < 5/3 while simultaneously
avoiding fractionally charged states?
One possibility is that such states can appear provided that they are confined
under the influence of an additional confining “hypercolor” gauge interaction coming
from a hidden sector beyond the MSSM. Indeed, heterotic string models typically
have large (rank ≤ 18) hidden-sector gauge groups G, and thus it is conceivable
that although fractionally charged states may appear if kY < 5/3, such states may
fall into the particular representations of G that permit them to be confined by
G into bound states with integral electric charge. However, it is first necessary
to generalize the condition (5.22) to such cases, and to determine if there actually
exist such confining scenarios which permit solutions with kY ≤ 5/3. While various
generalizations of Eq. (5.22) have been obtained [33, 58] for the specific binding
scenarios and hypercolor groups available in certain string models with kY ≥ 5/3, we
here require a more general analysis which is capable of surveying all values of kY
and all possible binding groups G.
Such an analysis has recently been performed [6], and the results are as follows.
For k2 = k3 = 1, it is found that there are only sixteen possible choices of simple
hypercolor groups G and corresponding values of kY < 5/3 for which all fractionally
charged states can potentially be confined. Those with values of kY in the phe-
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nomenologically interesting range 1.4 ≤ kY ≤ 1.5 are as follows:
G kY
SU(10)1 22/15
SU(17)1 73/51
SU(19)1 83/57
(5.24)
The subscript on the hypercolor group G indicates its level. For k2 = k3 = 2,
by contrast, there are more solutions. Those permitting values of kY in the range
1.4 ≤ kY /k2 ≤ 1.5 are listed below:
G kY /k2 G kY /k2
SU(4)3 17/12 SU(12)1 17/12
SU(6)5 3/2 SU(17)1 73/51
SU(9)1 13/9 SO(18)1 17/12
SU(10)2 22/15 SO(34)1 17/12
SU(11)1 49/33
(5.25)
Thus, for k2 = k3 = 2, we see that relatively small hypercolor groups can now confine
the fractionally charged states that arise for 1.4 ≤ kY /k2 ≤ 1.5. In particular, SU(4)3,
SU(6)5, and SU(9)1 are the most likely candidates for realization in consistent higher-
level string models.
There are also other possible ways of avoiding fractionally charged states. Since
the charge-integrality constraints we have discussed apply to all string states, such
constraints might be evaded if we require that only the massless states be integrally
charged. Another possibility would be to impose the even weaker requirement that
only those massless states which are chiral must be integrally charged; after all,
vector-like states which are fractionally charged and massless at tree level can ac-
quire potentially large masses at higher loops (e.g., via the shift of the moduli which
is generally required in order to break pseudo-anomalous U(1) gauge symmetries
and restore spacetime supersymmetry [59]). Indeed, such vacuum shifts along flat
directions have the potential to make various fractionally charged states superheavy
[60, 61], and the mechanism by which this occurs will be discussed in more detail
in Sect. 8.2. Such scenarios, however, are highly model-dependent, and thus cannot
be readily incorporated into this sort of general analysis. They therefore must be
analyzed in a model-by-model fashion.
6 Path #3: Heavy String Threshold Corrections
We now turn to the paths that involve adding “correction terms” to the MSSM
RGE’s. These corrections include those that arise from heavy string thresholds,
light SUSY thresholds, possible intermediate-scale gauge structure, and possible
intermediate-scale matter beyond the MSSM. In all of these scenarios, therefore,
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we essentially preserve the MSSM gauge structure with the standard MSSM levels
(kY , k2, k3) = (5/3, 1, 1), and instead seek to determine whether the correction terms
∆i that such effects generate can be sufficient to resolve the discrepancy between the
naive MSSM unification scale and the unification scale expected within string theory.
These correction terms ∆i influence the running of the gauge couplings as indicated
in Eq. (5.8). In this section we shall concentrate on the corrections that arise from the
heavy string thresholds, and defer our discussion of the remaining correction terms
to Sects. 7 and 8.
6.1 Calculating heavy string threshold corrections
The so-called “heavy string threshold corrections” are the one-loop corrections
from the infinite towers of massive string states that are otherwise ignored in studies
of the low-energy spectrum. Thus, these corrections represent a purely “stringy”
effect. Although these states have Planck-scale masses, there are infinitely many
of them, and thus the combined contributions ∆˜i from such heavy string modes
have the potential to be quite sizable. Since these corrections depend on the precise
distributions of states at all mass levels of the string, they depend crucially on the
particular choice of string vacuum. Thus, these corrections are generally moduli-
dependent.
In general, for a given string vacuum and gauge group G, the corresponding
threshold corrections ∆˜G are determined to one-loop order by calculating the one-loop
renormalization of the gauge couplings in the presence of a background gauge field.
The threshold correction ∆˜G is then deduced by comparing the coefficients of the
gauge field-strength terms 1
4
F aµνF
µν
a in the bare and one-loop effective Lagrangians.
As illustrated in Fig. 12, this renormalization calculation is essentially analogous to
the standard field-theoretic one-loop vacuum polarization calculation, except that in
string theory the full calculation involves evaluating the two-dimensional (worldsheet)
correlation function 〈F aµνF µνa 〉 on the torus. This procedure generalizes the field-
theoretic vacuum polarization calculation in such a way that the full gravitational
back-reactions of string theory are automatically incorporated.
This calculation was originally performed by considering a string propagating in a
non-trivial gauge-field background that obeys the classical string equations of motion
and thereby preserves worldsheet conformal invariance [19]; an alternative approach
uses the background-field method in which the gauge field is treated as a classical
background in which the string propagates, and is quantized accordingly [62]. Both
calculations yield similar results, however, and it is found that ∆˜G splits into two
pieces of the form
∆˜G = kG Y + ∆G . (6.1)
Here kG is the affine level of the gauge group G; Y is a certain quantity
∗ [63, 64,
65, 66] which is independent of the gauge group in question; and the remaining
∗This quantity Y bears no relation to the hypercharge.
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µA µA µνF µνF
(string theory) (field theory) 
Figure 12: Calculation of the running of gauge couplings in field theory and string
theory. In field theory, the background-field method involves evaluating the one-
loop vacuum polarization diagram shown at left. In string theory, this polarization
diagram generalizes to become the torus diagram shown at right. However, the
complete calculation in string theory (including gravitational back-reactions) requires
the calculation of the full correlation function 〈F aµνF µνa 〉 evaluated on the torus in the
presence of a suitable regulator.
term ∆G has a highly non-trivial dependence on the gauge group. In general, Y
receives the contributions arising from gravitational back-reactions of background
gauge fields and universal oscillator excitations (and is expected to be relatively
small [64]), while ∆G receives contributions from massive compactification modes.
Indeed, as we shall see, ∆G simply tallies the contributions of all of the massive string
states as they propagate around the one-loop torus diagram, and thus represents the
generalization of the field-theoretic diagram as illustrated in Fig. 12. The importance
of such contributions to the running of the effective low-energy couplings was pointed
out early on (for example, in Ref. [67]), even before the formalism for calculating these
string corrections was developed.
The decomposition in Eq. (6.1) is particularly useful because the term kGY can
simply be absorbed into a redefinition of the string coupling at unification:
1
g2string
→ 1
g2string
+
Y
16π2
. (6.2)
This is convenient, for a proper calculation of Y is fairly complicated and depends
on having a suitable prescription for handling infrared divergences in string theory.
We shall discuss this issue in Sect. 6.2. Moreover, for phenomenological purposes,
we are often interested in only the relative running of the gauge couplings between
different gauge group factors. If these different gauge groups are realized with equal
affine levels, then the relative thresholds ∆˜G − ∆˜G′ will be independent of Y . Recall
from Eq. (5.15), for example, that equal affine levels are precisely what are required
for the non-abelian group factors of the MSSM in order to achieve unification. We
shall therefore defer a discussion of Y to Sect. 6.2, and instead focus on the remaining
term ∆G in Eq. (6.1), which is found (in the DR renormalization group scheme) to
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be given† by [19]:
∆G ≡
∫
F
d2τ
(Im τ)2
[
BG(τ) − (Im τ) bG
]
. (6.3)
Here bG is the one-loop beta-function coefficient for the group G (as determined in
the effective theory by considering only the massless modes of the string), and τ is
the toroidal complex modular parameter whose integration over the modular group
fundamental domain F represents the summation over all conformally-inequivalent
toroidal geometries. BG(τ) is the so-called modified partition function.
This modified partition function BG(τ) is defined as follows. Recall that the
ordinary string one-loop partition function Z(τ) is defined as
Z(τ) ≡ ∑
α
(−1)F Trα qHα qHα . (6.4)
Here α labels the different sectors of the theory; F is the spacetime fermion number;
Trα indicates a trace over all of the states in the Fock space of each sector α; q ≡
exp(2πiτ); and (Hα, Hα) respectively represent the left- and right-moving worldsheet
Hamiltonians in sector α. Thus, the partition function Z(τ) essentially counts the
numbers of states (weighted by +1 for bosons, −1 for fermions) at all mass levels in
the theory. Of course, for consistent string theories, the partition function Z(τ) must
be modular invariant. This means that Z(τ) satisfies the equations
Z(τ) = Z(τ + 1) = Z(−1/τ) . (6.5)
The modified partitions BG(τ) are defined in a similar manner, and differ from
the ordinary partition function Z(τ) only through the insertion of a special operator
into the trace:
BG(τ) ≡
∑
α
(−1)F Trα QG qHα qHα (6.6)
where the inserted operator is
QG ≡ (Im τ)2
(
1
12
−QH2
)
QG
2 . (6.7)
Here QH is the (right-moving) spacetime helicity operator, and QG is the so-called
“gauge charge operator” for the group G (defined as the sum of the squares of the
charges in the Cartan subalgebra ofG). Thus, whereas the ordinary partition function
† Note that the expression in Eq. (6.3) actually contains an additional group-independent contri-
bution Y ′. Thus, one could perform a further decomposition of the form ∆G = kGY
′ +∆′
G
, so that
the full decomposition in Eq. (6.1) would take the final form ∆˜G = kG(Y + Y
′) + ∆′
G
. However,
because of the simple form of the intermediate expression (6.3) and its interpretation as the straight-
forward generalization of the field-theoretic result, this further decomposition is not traditionally
used.
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Z(τ) tallies the numbers of states, the modified partition functions BG(τ) tally their
spin states and charges under the appropriate gauge groups G. This is precisely what
is required in order to determine the correction to the running of the gauge couplings
as in Eq. (6.3). In this context, recall that in field theory, the one-loop β-function
coefficient can be written as bG = Tr [(−1)F (1/12 − h2)Q2G] where h is the helicity
operator (with h = 0 for scalars, ±1/2 for fermions, and ±1 for vectors). Likewise,
in Eq. (6.7), QH is the analogous helicity operator for string states of arbitrarily
high spin. Furthermore, note that because the traces in Eq. (6.6) include not only
the massive states but also the massless states, the contribution of the latter must
be explicitly subtracted in order to determine the threshold corrections. This is the
origin of the term −(Im τ)bG in the integrand of Eq. (6.3). Finally, we remark that
in string theories with spacetime supersymmetry, we can omit the factor of 1/12 in
Eq. (6.7) since its contribution is proportional to the supertrace Tr (−1)F = 0.
Unfortunately, one consequence of the insertion of the charge operator QG into
the trace is to destroy the modular invariance of the original expression. This is most
easily seen as follows. If QI is the individual charge operator that corresponds to
the left-moving elementary U(1) current JˆI (I = 1, ..., 22), then the gauge charge
operator QG
2 in Eq. (6.7) will typically be a linear combination of products of the
form QIQJ . Let us now consider the contribution to the trace in Eq. (6.4) that comes
from a particular lattice direction I before these charge operators are introduced. If
HI ≡ Q2I/2 is the Hamiltonian corresponding to the Ith lattice direction, then this
contribution to the total trace will take the simple form
fI(τ) ≡ Tr (−1)F qHI . (6.8)
Of course, such traces fI(τ) are modular functions (such as theta-functions), and
transform covariantly under the modular group. However, if we now consider the
effect of inserting the gauge charge operators into the trace, we easily find that
Tr (−1)F Q2I qHI =
1
iπ
d
dτ
fI(τ) . (6.9)
In other words, the square of each individual gauge charge operatorQI , when inserted
into a trace, has a natural representation as a τ -derivative on that trace:
Q2I ⇐⇒
1
iπ
d
dτ
. (6.10)
The same result, complex-conjugated, also holds for the right-moving helicity charge
operator QH
2
.
Unfortunately, such τ -derivatives are not covariant with respect to the modular
group. Indeed, for modular functions of modular weight k, the full covariant τ -
derivative would be
D ≡ d
dτ
− ik
2 (Im τ)
. (6.11)
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Thus, the charge-inserted traces in Eq. (6.9) are not modular covariant, and there-
fore the quantities ∆G as defined in Eq. (6.3) are also not modular invariant. This
indicates, a priori , that the definition of the threshold corrections ∆G is inconsistent
or at best incomplete.
6.2 Regulating the infrared
One possible solution to this problem, of course, is that modular invariance might
be restored if one considers not just the partial threshold correction ∆G, but rather
the full result ∆˜G which also includes the universal contribution kGY . Indeed, strictly
speaking, it is only the full string threshold correction ∆˜G which should be modular
invariant. However, as we mentioned above, a proper calculation of Y is a fairly
complicated matter due to the presence of infrared divergences, and historically this
was not part of the original calculation [19] that evaluated ∆G. In this section, we
shall therefore briefly discuss some recent developments concerning the calculation of
Y and the regulation of infrared divergences.
In order to understand the problem of infrared divergences in string theory, let
us first recall that since string theory currently exists in only a first-quantized for-
mulation, string calculations must be performed on-shell. In particular, in order to
calculate quantities such as heavy string threshold corrections, we require an on-shell
method of computing the coefficients of the gauge field-strength kinetic terms in the
bare and one-loop string effective Lagrangians. As we discussed at the beginning of
Sect. 6.1, such a calculation is typically performed via the background field method.
However, unlike the case in field theory, the analogous calculation in string theory is
plagued by infrared divergences. Such infrared divergences arise due to the contribu-
tions of on-shell massless particles.
Therefore, in order to rigorously perform such a calculation in string theory, we
require a method of regulating this infrared behavior. In particular, one would like a
regulator with a number of special properties [65]. First, it should be applicable to
any four-dimensional string model with arbitrary particle content. Second, it should
effectively introduce a mass gap into the string spectrum, so as to consistently lift the
massless string states. Third, we wish to be able to remove this regulator smoothly,
and fourth, we would like this regulator to preserve modular invariance. Finally,
there are also more technical requirements we may wish to impose on a suitable
regulator. For example, we would a priori like our regulator to break as few spacetime
supersymmetries as possible, and moreover to ensure that the vertex operators for
spacetime fields are well-defined on the worldsheet. We would also like such a string
regulator to permit an unambiguous identification between the results of the string
theory calculation and those in the effective field theory.
Remarkably, there exist several regulators satisfying all of these properties [68].
Such regulators consist of replacing the conformal field theory (CFT) of the flat four-
dimensional spacetime with that of an N = 4 superconformal field theory. This
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essentially corresponds to turning on the background fields that are associated with
the universal four-dimensional gravitational background fields — the metric gµν , the
anti-symmetric tensor Bµν , and the dilaton φ. In general, several choices for this N =
4 CFT are possible, and one choice in particular, namely U(1)Q × SU(2)k, has been
investigated in detail [65]. Here Q corresponds to an introduced background charge,
and is related to the level k ∈ 2ZZ of the SU(2) factor via Q ≡
√
2/(k + 2). This
particular replacement therefore corresponds to replacing the flat four-dimensional
spacetime with a four-dimensional manifold of the form IR × S3 in which the three
coordinates of the sphere are described by an SU(2)k Wess-Zumino-Witten model,
and the background charge describes its overall scale factor. Such a choice then
not only introduces a mass gap µ2 = (k + 2)−1M2string into the string spectrum, but
also preserves, as required, the spacetime supersymmetry of N = 1 string models.
Moreover, this choice also permits exact solutions to be obtained (to all orders in α′)
for background gauge and gravitational fields.
Given this regulator, the calculation of the threshold corrections then proceeds
as before: one turns on the required background gauge fields, and calculates the
complete threshold corrections to the gauge couplings by computing the bare and one-
loop regulated effective Lagrangians. Indeed, in the presence of the regulator, such
a calculation can be performed completely without dropping any universal pieces.
Thus, such a calculation in some sense goes beyond the “field-theoretic” computations
originally performed in Ref. [19].
The details of this calculation, as well as the final expressions for the full thresh-
old corrections ∆˜G, can be found in Ref. [65]. As expected, these results generalize
the simple expression (6.3) in a fairly complicated way. But certain features of the
new expressions are noteworthy. First, because the calculation throughout has been
performed in the presence of a regulator, the results that are obtained intrinsically
include the gauge-independent term kGY in Eq. (6.1). In so doing, they also include
contributions from additional gravitational interactions such as, e.g., dilaton tadpoles.
Such additional contributions were missed in the calculations of Ref. [19] which fo-
cussed on only the non-universal contributions ∆G, but are generically present in
the full expressions and must be included. Second, as required, it has been ex-
plicitly shown that the final results are indeed independent of the specific regulator
chosen. Most importantly for our purposes, however, is the observation that the
inclusion of these extra interactions (i.e., the inclusion of the back-reaction from the
curved gravitational background) renders the resulting expressions manifestly modu-
lar invariant. Indeed, these extra back-reactions encoded within the universal term
kGY have the net effect of restoring the second term in the covariant derivative in
Eq. (6.11). Thus, we see that the use of a carefully chosen spacetime regulator enables
modular-invariant results to be obtained.
To date, there have been several threshold-correction calculations that have been
performed using this regulator. In Ref. [66], for example, the universal moduli-
dependent string threshold corrections Y in Eq. (6.1) were evaluated for a certain
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class of N = 1 orbifold models. Moreover, in Refs. [69, 70], the full moduli-dependent
threshold corrections were calculated for various classes of four-dimensional string
models with N = 2 and N = 1 spacetime supersymmetry. In cases where we are
only interested in relative threshold corrections, however, it is sufficient for practical
purposes to continue to use the partial expressions (6.3).
6.3 Required sizes of threshold corrections
In general, it is hoped that the threshold corrections ∆G will be large enough to
account for the discrepancy between the predicted string unification scale and the
extrapolated MSSM unification scale. It is straightforward to determine how large
the threshold corrections must be in order to accomplish this. Since the threshold
corrections ∆G contribute to the running of the gauge couplings as in Eq. (5.8), their
ultimate contributions to the low-energy couplings αstrong and sin
2 θW are given in
Eq. (5.11) where now (∆Y ,∆2,∆3) represent the corrections for the MSSM gauge
factors that come from the heavy string thresholds. If we choose a “proper” normal-
ization for the hypercharge generator Y via
Yˆ ≡ 1√
kY
Y , (6.12)
then ∆Y = kY∆Yˆ and consequently for string models with equal non-abelian levels
k2 = k3 = 1, the corrections (5.11) take the form
∆(sin) = − kY
1 + kY
a
4π
(∆Yˆ −∆2)
∆(α) = − 1
1 + kY
1
4π
[kY (∆Yˆ −∆3) + (∆2 −∆3)] . (6.13)
Thus, as predicted, only the differences of threshold corrections are necessary in order
to predict the low-energy couplings. It is for this reason that a computation of the
gauge-independent term Y in Eq. (6.1) is unnecessary for this analysis.‡
Given these corrections, it is simplest to discuss their effects in terms of an effective
unification scale. We have already seen in Figs. 4 and 5 that changes in the values
of the low-energy couplings can be attributed to changes in the effective unification
scale Mstring. Thus the heavy string threshold corrections ∆
(sin) and ∆(α), which shift
the values of the low-energy couplings, equivalently imply a change in the unification
scale from its original valueMstring to some effective valueM
(eff)
string. Given the one-loop
‡Of course, knowledge of Y is still necessary in order to calculate the gravitational coupling GN ,
or to calculate the three low-energy gauge couplings αi individually [i.e., without taking αe.m.(MZ)
as a known input parameter]. Equivalently, taking all of these low-energy couplings as inputs,
knowledge of Y is necessary for determining the value of the string coupling gstring; in this context
recall Eq. (6.2).
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RGE’s (5.10), we can easily determine the values of M
(eff)
string for our two low-energy
couplings, obtaining
for sin2 θW : M
(eff)
string = Mstring exp
[
1
2
(∆Yˆ −∆2)
(bYˆ − b2)
]
for αstrong : M
(eff)
string = Mstring exp
[
1
2
kY (∆Yˆ −∆3) + (∆2 −∆3)
kY (bYˆ − b3) + (b2 − b3)
]
(6.14)
where of course bYˆ ≡ bY /kY . Thus, we see that the effective scales M (eff)string are
decreased only if the terms within the exponentials are negative. Moreover, we see
that unification of the couplings is preserved if the two effective scales are equal to
each other, which occurs if and only if
∆i −∆j ?= ∆(bi − bj) (6.15)
for all gauge group factors Gi and Gj , with some constant ∆. Thus, if Eq. (6.15) is
found to hold, the gauge couplings will all meet at M
(eff)
string rather than at Mstring.
Since we know that an extrapolation of the experimentally observed low-energy
couplings causes them to meet at the scale MMSSM, we see that the relation (6.15) is
our first condition for successful gauge coupling unification via threshold corrections.
Indeed, this condition is also easy to obtain graphically via the sketch in Fig. 6(c).
The required value of the proportionality constant ∆ in Eq. (6.15) is then determined
by adjusting M
(eff)
string to coincide with MMSSM. Numerically, this yields
∆(required) = 2 ln
MMSSM
Mstring
≈ − 6.0± 0.6 (6.16)
where the uncertainties reflect our ignorance concerning not only the precise value of
MMSSM (which depends on the value of the low-energy coupling αstrong), but also the
precise value of the string coupling gstring at unification (which in turn determines
Mstring). Nevertheless, using the central value ∆ ≈ −6 and given the one-loop beta-
function coefficients (bYˆ , b2, b3) = (33/5, 1,−3), we find that we therefore require the
approximate relative corrections
∆Yˆ −∆2 ≈ − 34 , ∆Yˆ −∆3 ≈ − 58 , ∆2 −∆3 ≈ − 24 . (6.17)
If we also include the effects of the two-loop, Yukawa, and scheme-conversion correc-
tions (which arise even if we assume our string theory to contain only the standard
MSSM gauge and matter structure with the standard affine levels), we find, using
Eq. (5.12), that the above required relative threshold corrections (6.17) are modified
to
∆Yˆ −∆2 ≈ − 28 , ∆Yˆ −∆3 ≈ − 58 , ∆2 −∆3 ≈ − 30 . (6.18)
It is clear, given these results, that the required sizes for the threshold corrections
(or at least for their differences) are quite large, typically of order ∆G ∼ O(101−102).
The question then arises as to whether such large threshold corrections can actually
be obtained in string theory, particularly in realistic four-dimensional string models.
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6.4 Sizes of threshold corrections: Moduli dependence
One model-independent way of estimating the sizes of the threshold corrections
∆G is to determine their dependence on the various moduli which parametrize the
space of possible string vacua. While at tree level the string gauge couplings depend
[17] on only one modulus, namely the dilaton, the quantum threshold corrections
at higher orders in the perturbation expansion depend on the precise properties of
not only the massless modes but also the entire infinite towers of heavy states, and
these in turn generically depend on all of the moduli. Thus, the threshold corrections
are generally complicated functions of all of the moduli fields, and consequently the
running of the gauge couplings of the four-dimensional group factors in the effec-
tive low-energy theory also depends on the expectation values of all of these moduli
fields. This important dependence has been studied by several groups [71, 72, 73, 74],
and is also crucial for understanding how an effective potential might be generated
which selects a preferred string vacuum (thereby lifting the degeneracy of string
vacua corresponding to different values of the moduli VEV’s). This generation of an
effective potential can also provide a means of dynamical supersymmetry breaking
(e.g., through the formation of gaugino condensates). Furthermore, understanding
the dependence of the threshold corrections on the moduli fields can yield important
insights into the structure and symmetries of the string effective low-energy super-
gravity Lagrangian [72]. For our purposes, however, it will be sufficient to focus our
attention on only those general results which suggest how threshold corrections might
become large.
One of the first explicit calculations of the moduli dependence of the threshold
corrections was performed in Ref. [71] for a restricted class of N = 1 string com-
pactifications. The essential idea behind this analysis is as follows. First, it can be
shown directly from Eqs. (6.3) and (6.6) that any string sectors with a full N = 4
spacetime supersymmetry (i.e., any sectors giving rise to states in complete N = 4
supermultiplets, such as the completely untwisted Neveu-Schwarz sector) make no
contributions to the threshold corrections ∆i. Likewise, while N = 1 sectors may
give contributions to the corrections ∆i, these contributions are independent of the
moduli. Therefore, in order to calculate the moduli-dependence of the threshold
corrections in any supersymmetric string model, it is sufficient to analyze only the
contributions from those sectors of the theory that preserve exactly N = 2 spacetime
supersymmetry. In particular, the moduli-dependence of the threshold corrections
should be the same for any two string models which share the same N = 2 sectors.
Given this fact, one may first consider a special set of four-dimensional string
models with N = 2 spacetime supersymmetry: these are the string models which
can be realized via toroidal compactifications of six-dimensional string models with
N = 1 spacetime supersymmetry. For such models, the dependence of the threshold
corrections on the untwisted moduli can be directly calculated, since the masses of
all of the string states can be written as analytic functions of such moduli (note
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that N = 1 spacetime supersymmetry guarantees that the charges of such states are
independent of all moduli). By directly computing the modified partition function
Bi(τ) as a function of the moduli, and by analytically performing the subsequent
modular integrations, one then obtains§ [71]:
∆i(Tℓ) = − bi
2∑
ℓ=1
ln
[
(ImTℓ) |η(Tℓ)|4
]
+ biX (6.19)
where X is a numerical constant. Here T1 and T2 are respectively the two complex
moduli that parametrize the two-dimensional compactification from six dimensions:
in terms of the background metric GIJ and antisymmetric tensor BIJ ≡ bǫIJ of the
compactification two-torus T 2, these moduli are T1 ≡ 2(b + i
√
det G) and T2 ≡
(G12+ i
√
det G)/G11. The Dedekind η function appearing in Eq. (6.19) is defined as
η(T ) ≡ eπiT/12
∞∏
n=1
(
1− e2πinT
)
. (6.20)
Because of the modular symmetries of the η function, the result in Eq. (6.19) is in-
variant under independent SL(2, ZZ) transformations of the complex moduli T1 and
T2, as required by the invariance of the string vacuum under such transformations.
Remarkably, the result in Eq. (6.19) also shows that the unification condition (6.15)
is always preserved for such N = 2 string vacua. Thus, in these theories, the thresh-
old corrections can always be absorbed into a redefinition of the unification scale
(provided, of course, that gauge coupling unification has already occurred in the
absence of threshold corrections, a non-trivial assumption given that these theories
have N = 2, rather than N = 1, supersymmetry).
The result in Eq. (6.19) applies to only those four-dimensional N = 2 string
models which can be realized as toroidal compactifications of six-dimensional N = 1
string models. However, by the arguments discussed above, this result can easily
be extended to any four-dimensional N = 1 orbifold string model that contains the
same N = 2 sectors as such an N = 2 model. This wider class of N = 1 string
models consists of those whose compactification six-tori T 6 can be decomposed as
T 6 = T 4⊗T 2 where T 2 is the compactification two-torus of the corresponding N = 2
string model. Indeed, for such N = 1 models, the result in Eq. (6.19) generalizes to
[71]
∆i(T
a
ℓ ) =
∑
a
−bai ca
∑
ℓ
ln
[
(ImT aℓ ) |η(T aℓ )|4
]
+ constant . (6.21)
Here the constant now also includes the moduli-independent contributions of N = 1
sectors, and the sum over a reflects the fact that in such an N = 1 model, the
§ Note that, strictly speaking, the result in Eq. (6.19) gives the threshold correction ∆′i with all
group-independent contributions removed. (See the second footnote in Sect. 6.1.) This is clear from
the fact that this result is proportional to bi.
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complete set of N = 2 sectors may be realizable only as a direct sum of those from
different N = 2 theories. The sum over a is thus a sum over all of the different
N = 2 supersymmetry-preserving twists in the theory, and the constants ca which
appear in Eq. (6.21) are the ratios of the point group orders, ca ≡ |Ga|/|G|, where
G and Ga are respectively the orbifold groups of the original N = 1 model and its
N = 2 counterparts. The complete sets of moduli T aℓ which contribute to Eq. (6.21)
for different orbifold groups depend on the details of the relevant N = 2 twists, and
are tabulated in Ref. [71]. Note that unlike the simpler result in Eq. (6.19), the
result in Eq. (6.21) does not generally satisfy the unification condition (6.15), since
the beta-function coefficients bai which appear in this expression are not those of the
original N = 1 string model, but rather those of the corresponding N = 2 string
models.
Given the moduli-dependence indicated in Eq. (6.21), we can now determine for
which points in moduli space the threshold corrections ∆i can be expected to become
large. In particular, in the limit that an individual complex modulus T becomes large
(i.e., as T → i∞), we have
ln
[
(ImT ) |η(T )|4
]
∼ − π
3
ImT . (6.22)
Thus, to lowest order, we obtain [71, 75]
∆i(T ) ∼ π
3
∑
a,ℓ
bai ca ImT
a
ℓ . (6.23)
Note that this lowest-order result (6.23) is consistent with worldsheet Peccei-Quinn
symmetries, under which only the real parts of T aℓ are shifted. For our purposes,
however, the lesson from this result is that large threshold corrections can be achieved
for large moduli (i.e., for ImT → ∞), as it is only in this limit that the ∆i can be
made to grow without bound.
While the specific result in Eq. (6.23) is derived only for those four-dimensional
N = 1 supersymmetric models which are T 4 ⊗ T 2 compactifications, similar results
have also been obtained for more general four-dimensional N = 1 models. They
have also been obtained via moduli-dependent threshold calculations [66, 69, 70]
based on the full infrared-regulated expressions of Ref. [65]. Indeed, this behavior
is fairly generic to string theory, and can be avoided only in special cases of string
models without N = 2 sectors [76] or models [69] in which taking the limit ImT →∞
increases the spacetime supersymmetry to N = 4 (for which the threshold corrections
are known to be suppressed). Of course, the generic behavior in Eq. (6.23) can also
be understood on the basis of simple physical intuition: as the size of a modulus (e.g.,
a radius of compactification) is increased, various momentum states become lighter
and lighter. Their contributions to the threshold corrections therefore become more
substantial, ultimately leading to a decompactification of the theory.
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Unfortunately, in realistic string models, the moduli are not expected to be large.
Indeed, they are expected to settle at or near the self-dual point, for which T ∼ O(1)
[77]. The question then arises as to whether there might be other ways of obtaining
large threshold corrections without having large untwisted moduli. Furthermore,
realistic string models are typically not as simple as the restricted class of N = 1
string models considered above, and usually contain not only untwisted moduli, but
also twisted moduli and moduli from Wilson line deformations. For this reason, it is
useful to have an argument for the sizes of the string threshold corrections which is
independent of a particular string construction or class of compactifications. Indeed,
it would be preferable to have an argument which depends on only the modular
properties of the threshold correction expressions in Eq. (6.3).
Such an argument has recently been constructed [5], and the essence of this argu-
ment is as follows. In order to meaningfully discuss the size of the threshold correc-
tions, we need to have some expectation of the sizes of typical one-loop amplitudes.
For this purpose, let us consider possibly the simplest and most similar one-loop
amplitude, the (dimensionless) string one-loop cosmological constant, defined as
Λ ≡
∫
F
d2τ
(Im τ)2
Z(τ) . (6.24)
Of course, this quantity is non-zero only in non-supersymmetric string models, so
we shall restrict ourselves to consideration of non-supersymmetric string models in
what follows. This is sufficient for discussing the approximate sizes of the string
threshold corrections ∆G even in N = 1 supersymmetric theories, for it has been
demonstrated [5] that the presence or absence of N = 1 spacetime supersymmetry in
a given string model does not significantly affect the value of ∆G. Now, for generic
non-supersymmetric string models, it has been shown [78] that Λ ∼ O(101−102). By
contrast, the typical sizes of the threshold corrections that are found in N = 0 and
N = 1 string models are much smaller, typically ∆G ∼ O(1). It is this suppression
that we would like to explain, especially since the expected unsuppressed values ∆G ∼
O(101−102) are precisely what we would have required in order to achieve string-scale
unification. Clearly, comparing Eqs. (6.3) and (6.24), we see that this suppression
must arise due to the different integrands, Z(τ) versus BG(τ) ≡ {BG(τ)− (Im τ)bG}.
Let us therefore expand these integrands as double power series in q ≡ e2πiτ and q:
Z(τ) = (Im τ)−1
∑
m,n
amn q
m qn
BG(τ) = (Im τ)+1
∑
m,n
b(G)mn q
m qn . (6.25)
In these expansions, the summations are over all (physical and unphysical) states
in the string spectrum, and the coefficients amn and b
(G)
mn respectively represent the
total numbers and G-charges, weighted by (−1)F , of those states in the spectrum
with right- and left-moving spacetime (mass)2 contributions (m,n) ≡ (α′M2R, α′M2L).
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Recall that string states are unphysical if m 6= n and tachyonic if m + n < 0;
nevertheless all string states potentially contribute to the one-loop amplitudes Λ and
∆G.
Given these expansions, we can then immediately identify a variety of sources for
the suppression of ∆G relative to Λ. Of course, we immediately observe that the two
expansions in Eq. (6.25) contain different powers of Im τ in the prefactor. However,
it turns out that [5] that this is not a major numerical effect, even after τ -integration.
Thus, we can ignore this difference, and concentrate on the coefficients amn and b
(G)
mn .
It is here that we can identify three fundamental differences.
In general, the contributions to one-loop amplitudes from string states with mass
configurations (m,n) depend on the value of the sum m+ n, and decrease exponen-
tially with increasing m + n. Thus, the largest contributions to these amplitudes
come from tachyonic states. Note that even though we exclude theories containing
physical tachyons (i.e., states with m = n < 0), we nevertheless must consider the
effects of unphysical tachyons (states with m 6= n, m+n < 0). Indeed, such states are
typically present in such string models. Now, while the ordinary partition function
Z(τ) counts such states weighted only by their spacetime fermion numbers, the mod-
ified partition functions BG(τ) count such states multiplied by their gauge charges.
Because these states are tachyonic, however, they are typically gauge-neutral, for any
excitations that could possibly give a gauge charge to such states would also increase
their mass. Thus, even though we have amn 6= 0 for such states, we nevertheless find
that b(G)mn = 0. Consequently the unphysical tachyonic states, which typically make
large contributions to Λ, make no contributions to the threshold corrections ∆G.
The second source of suppression has to do with the next-largest contributors,
namely the physical massless states with m = n = 0. While Λ clearly receives contri-
butions from massless states, it is evident such states make no contributions to ∆G,
for their contributions have been explicitly subtracted away in the definition of BG(τ).
Thus, even though a00 6= 0, we nevertheless always have b00 = 0. Consequently the
contributions of the massless states are also completely suppressed.
Finally, we turn to the contributions from the infinite towers of massive physical
string states. Remarkably, however, it is straightforward to show [5] that even these
contributions are suppressed, for while the numbers of string states typically increase
exponentially as a function of mass, with the well-known Hagedorn behavior ann ∼
eC
√
n for some constant C > 0, it turns out [79] that the charges of such string
states increase only polynomially, with b(G)nn ∼ nC′ for some C ′ > 0. This suppression
essentially arises because the insertion of the charge operator QG into the trace [as
indicated in Eqs. (6.6) and (6.7)] has the effect of increasing the modular weight k
of the integrand from its ordinary negative value k = −1 [for Z(τ)] to the positive
value k = +1 [for BG(τ)]. Further details can be found in Ref. [5]. Thus, even the
contributions of the massive string states are suppressed.
These are clearly simple arguments which are model-independent. Indeed, given
this last observation, we now see that the only way to evade such arguments are to
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somehow start with a smaller “effective” modular weight, or equivalently a larger
effective spacetime dimension. However, must this necessarily imply a large internal
modulus? In other words, is a large internal modulus the only way to produce a
larger effective spacetime dimension or smaller effective modular weight?
We have seen above that for the special compactifications studied in Ref. [71],
this is indeed the case: a larger effective modular weight is achieved only via a large
internal modulus. These are, however, very special compactifications. Specifically,
they are (2, 2) compactifications, which means that they preserve N = 2 worldsheet
supersymmetry for both the right-moving and left-moving compactification degrees
of freedom. (This is in addition to the extra left-moving degrees of freedom of the
heterotic string, which are of course non-supersymmetric in any case.) However, for
more general (2, 0) compactifications (in which there are many more compactification
moduli available, including moduli from Wilson lines), the situation becomes more
complicated. The moduli-dependence of the threshold corrections in certain (2, 0)
compactifications has been recently calculated in Ref. [80], and it is found that the
dependence on the moduli takes a form similar to that of Eq. (6.21), except that
the η functions are replaced by other more general modular functions which mix
the various compactification and Wilson-line moduli. This replacement then turns
out to imply that for such (2, 0) string compactifications, it is effectively a product of
moduli that determines the size of threshold corrections. Consequently, barring other
cancellations, suitably chosen O(1) values for individual moduli have the potential to
yield larger threshold corrections [81]. Unfortunately, this interesting mechanism has
not yet been realized within the context of realistic three-generation string models.
6.5 Sizes of threshold corrections: Explicit calculations in realistic string
models
Another approach towards determining the sizes of the threshold corrections, of
course, is to directly calculate them for actual, realistic string models. Whereas the
above expectations based on studying the moduli dependence of the threshold cor-
rections can give general insights about how these quantities might become large,
it is necessary to study what actually happens within the tight constraints of re-
alistic string models. For example, the mechanisms that give rise to large thresh-
old corrections may not be realizable or mutually consistent with the mechanisms
that give rise to other desirable phenomenological features such as the appearance
of N = 1 spacetime supersymmetry or three generations. Many previous calcula-
tions of the threshold corrections have been performed for various types of orbifold
or free-fermionic models [19, 82, 62, 83, 74], but in most cases such models were
typically not phenomenologically realistic. Indeed, the increased complexity of the
realistic string models may substantially alter previous expectations. It is therefore
necessary to perform a detailed calculation of the threshold corrections within the
context of actual realistic string models. Such a calculation has recently been done
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[4, 5], however, and in the rest of this section we shall discuss the results. Since these
calculations are performed at specific points in the string moduli space, the results
that are obtained essentially combine the moduli-dependent and moduli-independent
contributions into a single number.
6.5.1 The models
For such a detailed calculation, one requires “realistic” string models. In partic-
ular, one requires four-dimensional string models which have at least the follow-
ing properties. First, they should possess N = 1 spacetime supersymmetry. Sec-
ond, they should give rise to an appropriate gauge group — e.g., the MSSM gauge
group SU(3)×SU(2)×U(1), the Pati-Salam gauge group SO(6)×SO(4), or flipped
SU(5) × U(1). Third, the models should give rise to the proper massless (observ-
able) spectrum — this includes not only three complete chiral MSSM generations
with the correct quantum numbers and hypercharges, but also the correct MSSM
Higgs scalar representations. Fourth, the models should be anomaly-free, so that all
U(1)Y anomalies should be cancelled across the entire massless spectrum. Finally, we
may also even wish to demand certain other “realistic” features such as a semi-stable
proton, an appropriate fermion mass hierarchy, a heavy top quark, and so forth.
Remarkably, several level-one string models exist in the literature which meet
all of these requirements. In particular, these models include the flipped SU(5)
model of Ref. [43] (which realizes the flipped SU(5) unification scenario of Ref. [41]);
the SO(6) × SO(4) model of Ref. [44] (which realizes the Pati-Salam unification
scenario of Ref. [42]); and various string models [84, 54] in which the Standard-
Model gauge group SU(3) × SU(2) × U(1) is realized directly at the Planck scale.
Similar models can also be found, e.g., in Ref. [85]. As required, all of these models
have N = 1 spacetime supersymmetry and contain exactly three generations in their
massless spectra. Moreover, these models also naturally incorporate the fermion mass
hierarchy with a heavy top-quark mass [86]. Furthermore, unlike various string GUT
models, they also provide a natural mechanism that can yield a semi-stable proton
[87]. These models can all be realized in the free-fermionic construction [30, 31],
and their phenomenological properties are ultimately a consequence of their common
underlying ZZ2 × ZZ2 orbifold structure [88]. In the free-fermionic construction, this
structure is realized through the so-called “NAHE set” [53] of boundary-condition
basis vectors. These models then differ from each other through the addition of
Wilson lines (in the orbifold construction), or equivalently through the imposition
of additional boundary-condition basis vectors (in the fermionic approach). More
complete descriptions of these models can be found in the appropriate references.
6.5.2 Results
Within such realistic string models, the calculation of the threshold corrections (6.3)
is highly non-trivial. First, there are a number of analytical subtleties: these models
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typically contain tens of thousands of sectors, all of whose contributions must be
systematically included; one must carefully calculate the appropriate GSO projec-
tion phases in each sector in order to verify that the desired spectrum is produced;
these models often exhibit so-called “enhanced gauge symmetries” which lead to
complicated gauge-group embeddings; and one must find a method of analytically
removing the logarithmic divergence due to the massless states prior to integration.
Fortunately, there are a number of self-consistency checks [5] that can be performed
at various stages of the calculation. Finally, there are also various numerical sub-
tleties, not the least of which concerns the performance of the modular integrations
in Eq. (6.3). Details concerning this calculation can be found in Ref. [5].
The results that are found, however, bear out the general expectations based
on the moduli-dependence of the threshold corrections. Indeed, not only are the
threshold corrections found to be unexpectedly small in these models, but they are
also found to have the wrong sign! Thus, in all of these realistic models, the heavy
string threshold corrections effectively increase the string unification scale slightly,
and thereby exacerbate the disagreement with experiment. For example, in the
SU(3) × SU(2) × U(1) model of Ref. [84], one finds the relative threshold correc-
tions [4, 5]
∆Yˆ −∆2 ≈ 1.61 , ∆Yˆ −∆3 ≈ 5.05 . (6.26)
Since this string model has the standard SO(10) embedding, the levels (kY , k2, k3)
have their standard MSSM values (5/3, 1, 1). Thus, by comparing against the desired
results in Eq. (6.18), we see that the magnitudes of these threshold differences are
far too small, and that, more importantly, their signs do not agree. Each of the other
realistic string models also exhibits this behavior. Moreover, similar results have
also been observed in previous calculations based on other less-realistic string models
[19, 82, 62]. A recent proposal [89] for fixing the sign of the threshold corrections
involves redistributing the three generations between the different N = 2 sectors that
arise in such models; however, this scenario has not yet been realized in any consistent
string model, and in any case still requires either large moduli or small hypercharge
normalizations kY < 5/3 in order to achieve unification.
One objection that might be raised against such threshold calculations is that
they ignore the fact that in such (2, 0) string models, one combination of the U(1)
factors is “pseudo-anomalous”. This U(1) gauge symmetry is “pseudo-anomalous”
in the sense that the trace of the corresponding U(1) charge is non-vanishing when
evaluated over the massless string states. As we shall discuss in more detail in
Sect. 8.2, this non-vanishing trace gives rise to a Fayet-IliopoulosD-term which breaks
supersymmetry and destabilizes the vacuum, and this in turn implies that the models
must choose non-zero VEV’s for some of the scalar fields (twisted moduli) so as to
cancel the anomalous U(1) D-term and restore spacetime supersymmetry [59]. Since
this corresponds to a shift in the string vacuum, one might ask whether this shift can
modify the above calculations of the heavy string thresholds. However, this is not
the case, for the contributions to the threshold corrections come from string states
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weighing ≥ gstringMPlanck/
√
8π, whereas any extra masses acquired from shifting the
string vacuum are of higher order in gstring. Hence, these extra masses affect the
values of the thresholds only at higher order, and can be ignored in such analyses
[82].
Thus, we conclude that within the realistic string models examined thus far, string
threshold corrections do not seem able to resolve the discrepancy between the MSSM
unification scale and the string unification scale. Indeed, to date, despite various
attractive theoretical mechanisms as discussed above, there do not exist any realistic
string models in which such mechanisms are realized and in which the threshold
corrections are sufficiently large. Nevertheless, the attractiveness of these proposals
and the importance of understanding the moduli dependence of threshold corrections
show that this “path to unification” merits further examination. Work in this area
is continuing.
7 Path #4: Light SUSY Thresholds, Intermediate-Scale
Gauge Structure
Heavy string threshold corrections are not the only effects that involve adding
“correction terms” to the renormalization group equations of the MSSM. As we dis-
cussed at the beginning of Sect. 6, two other possible effects which may also modify
the running of the gauge couplings are the effects from light SUSY thresholds and
from possible intermediate-scale gauge structure. The effects from light SUSY thresh-
olds are those that arise due to the breaking of spacetime supersymmetry at some
intermediate scale. Likewise, the effects from possible intermediate-scale gauge struc-
ture arise in situations in which there exists a larger gauge symmetry that breaks at
an intermediate scale to the gauge symmetry of the MSSM. Such intermediate-scale
gauge symmetry breaking occurs, for example, in the flipped SU(5) × U(1) string
model or in the Pati-Salam SO(6)×SO(4) string model. Such effects may also arise
even in SU(3)× SU(2) × U(1) string models due to the breaking of extra custodial
symmetries [90]. In both cases, such intermediate-scale gauge structure introduces
non-trivial corrections to the running of the gauge couplings.
In this section we shall briefly summarize some recent calculations [5] of these
effects as they arise within realistic string models. As we discussed at the beginning
of Sect. 6.5, it is important to analyze these effects within actual, realistic string
models. In isolation, each of these effects can be made to assume any potential
size due to their many adjustable parameters, and hence studying these effects in
such abstract settings is not particularly meaningful. Within the tight constraints of
realistic string models, however, and with two-loop, Yukawa-coupling, and scheme-
conversion effects included, we shall see that the range of possibilities is significantly
narrowed and in some cases altogether eliminated.
Unlike the heavy string thresholds, the light SUSY thresholds and intermediate-
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scale gauge thresholds are calculated and analyzed directly in the low-energy effective
field theory derived from a particular string model. Thus, the correction terms ∆i
that they introduce into the renormalization group equations (5.8) have the same
form as they would take in an ordinary field-theoretic analysis, and our goal is to
determine if, within realistic string models, they can have the sizes that are necessary
in order to predict the experimentally observed values of the low-energy couplings.
As before, these required sizes are indicated in Eq. (6.18).
7.1 Light SUSY thresholds
It has been assumed thus far that the thresholds for supersymmetric particles
are located only at or near MZ ; this was, for example, the assumption underlying
Fig. 2. By contrast, the light SUSY threshold corrections are those corrections that
arise from considering the more general situation in which supersymmetric particles
have other (intermediate-scale) masses. In the one-loop MSSM renormalization group
equations (5.8), the correction terms ∆i arising from such light SUSY thresholds are
given by
∆i = −
∑
sp
b
(sp)
i ln
M2sp
M2Z
, (7.1)
where the summation is over the MSSM sparticle states, with corresponding masses
and one-loop beta function coefficients Msp and b
(sp)
i respectively. This term, when
added to the one-loop RGE’s (5.8), essentially subtracts the contributions from the
sparticles between Msp and MZ so that below each Msp only the contributions from
the non-supersymmetric particles of the Standard Model remain. Retracing the al-
gebraic steps leading from Eq. (5.8) to Eq. (5.11), we then find that in string models
with k2 = k3 = 1, the light SUSY thresholds (7.1) lead to the following corrections
to the low-energy couplings:
∆(sin) =
kY
1 + kY
a
2π
∑
sp
[
b
(sp)
Yˆ
− b(sp)2
]
ln
Msp
MZ
∆(α) =
1
2π
∑
sp
[(
kY
1 + kY
)
b
(sp)
Yˆ
+
(
1
1 + kY
)
b
(sp)
2 − b(sp)3
]
ln
Msp
MZ
. (7.2)
In order to evaluate these corrections, the next step is to assign the sparticle
masses Msp according to some parametrization. The conventional choice is to as-
sume that the SUSY-breaking occurs via soft SUSY-breaking terms in the MSSM
Lagrangian; these masses Msp are then given in terms of the soft SUSY-breaking
parameters m0, m1/2, and µ. At tree level, m0 is the mass of all of the scalar super-
partners, while m1/2 is the mass of the supersymmetric fermions and µ is the mass
of the higgsino. At the one-loop level, however, these masses evolve as follows. Ne-
glecting the contributions from Yukawa couplings and electroweak VEV’s (which in
turn implies we are neglecting any non-diagonal supersymmetric scalar mass matrix
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elements as well as any D-term contributions to the sparticle masses), we find that
for the supersymmetric fermions (i.e., for the gluino g˜, wino W˜ , and higgsino h˜), the
corresponding masses are
Mg˜ =
α3(Mg˜)
αstring(Mstring)
m1/2 , MW˜ =
α2(MW˜ )
αstring(Mstring)
m1/2 , Mh˜ = µ (7.3)
where we may approximate α3(Mg˜) ≈ α3(MZ) and α2(MW˜ ) ≈ α2(MZ) for simplicity.
Likewise, for the supersymmetric bosons (i.e., for the scalar superpartners of the
Standard Model fermions), the masses are given as
M2p˜ = m
2
0 + fp˜m
2
1/2 (7.4)
where the coefficients fp˜ for the different sparticles are given in terms of their hyper-
charges Yp˜ by
fp˜ = ǫ3 c3(Mp˜) + ǫ2 c2(Mp˜) + Y
2
p˜ cY (Mp˜) (7.5)
with
c3(mp˜) = −8
9
[
1− (1− 3X)−2
]
c2(mp˜) =
3
2
[
1− (1 +X)−2
]
cY (mp˜) =
2k1
11
[
1− (1 + 11X/k1)−2
]
(7.6)
and
X ≡ 1
2π
αstring ln
Mstring
Mp˜
. (7.7)
In Eq. (7.5), ǫ3 = 1 for color triplets and = 0 for color singlets; likewise, ǫ2 = 1
for electroweak doublets and = 0 for electroweak singlets. As with the gauginos,
one may again approximate MZ for Mp˜ in Eq. (7.7) if desired. Thus, while the
gaugino and supersymmetric fermion masses continue to be equal to m1/2 and m0
respectively at the string scale Mstring, we see from Eqs. (7.3) and (7.4) that they
evolve quite differently below this scale. The beta-function coefficients b
(sp)
i that
govern this running for each of the sparticle representations are standard, and are
tabulated for convenience in Ref. [5].
Assuming universal boundary conditions for the soft SUSY-breaking terms (i.e.,
assuming that m0 and m1/2 are the same for all sparticles), one can then analyze
the possible light SUSY threshold contributions for a wide range of points in the
parameter space {m0, m1/2,Mh,Mh˜}, whereMh is the mass of the pseudoscalar Higgs.
Such an analysis was recently performed in Ref. [5], with the parameters allowed to
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Figure 13: Scatter plot for {sin2 θW (MZ), α3(MZ)} when the SUSY-breaking param-
eters {m0, m1/2,Mh,Mh˜,Mstring} are varied as in Eq. (7.8), assuming only the MSSM
spectrum between the Z scale and the string scale.
vary within the following ranges and with the following interval sizes:
Parameter X Xmin Xmax ∆X
m0 (GeV) 0 600 200
m1/2 (GeV) 50 600 150
Mh (GeV) 100 500 200
Mh˜ (GeV) 100 500 200
Mstring (GeV) 3× 1017 7× 1017 5× 1016
(7.8)
In this analysis, the top-quark mass was taken to be Mt = 175 GeV (with the
other quark and lepton masses set to zero). The results for the low-energy couplings
αstrong(MZ) and sin
2 θW (MZ) are shown as a scatter plot in Fig. 13.
It is apparent from Fig. 13 that such light SUSY thresholds are generally insuffi-
cient to resolve the discrepancy between Mstring and MMSSM, and that the predicted
low-energy couplings continue to disagree with their experimentally measured values.
It turns out [5] that this conclusion remains valid even if non-universal boundary con-
ditions are allowed for the soft SUSY-breaking terms (as is expected in string models
[91]). Indeed, even if one neglects the sparticles whose contributions to the low-energy
couplings push them in the wrong direction, one finds that successful predictions for
the low-energy couplings require that the remaining sparticles have masses ∼ 100
67
TeV [5]. Such large masses are generally considered to be unnatural, and require
fine-tuning. Hence light SUSY thresholds appear incapable of providing sufficiently
large correction terms to the one-loop RGE’s of the MSSM.
7.2 Intermediate-scale gauge structure
Another similar possibility is that intermediate-scale gauge structure might pro-
vide the corrections that are necessary in order to reconcile the low-energy couplings
with string-scale unification. As we stated at the beginning of this section, such inter-
mediate gauge structure can arise in realistic string models either through extended
Planck-scale gauge groups which break to that of the MSSM at some intermediate
scale (such as occurs in the flipped SU(5) × U(1) or SO(6) × SO(4) string models
[43, 44]), or through the breaking of certain custodial symmetries (as can occur [90]
in particular SU(3)× SU(2)× U(1) string models [54]).
Like those of light SUSY thresholds, the effects of intermediate-scale gauge struc-
ture are analyzed purely in the low-energy effective field theory, and are parametrized
by MI , the intermediate mass scale of the gauge symmetry breaking. Of course, any
calculation of these effects must also be done in conjunction with the effects from two-
loop contributions, Yukawa couplings, and scheme conversion. Unlike the effects of
light SUSY thresholds, however, the effects from intermediate-scale gauge structure
cannot be analyzed in a model-independent fashion, since they ultimately depend on
the intricate details of the particular symmetry breaking scenario. They therefore
must be subjected to a detailed model-by-model analysis.
Such an analysis has recently been performed [4, 5] for the class of realistic models
discussed in Sect. 6.5.1, and the results are rather surprising. It is found that despite
the appearance of an extra adjustable degree of freedom (namely MI , the scale of
the breaking), such effects cannot resolve the discrepancy. Moreover, in each of the
relevant string models examined, it turns out that takingMI < Mstring only increases
the disagreement with the low-energy data! Details concerning this result can be
found in Ref. [5]. Thus, at least for this class of models, it does not appear that
intermediate-scale gauge structure can be used to reconcile the string predictions
with the low-energy couplings.
It is important to note that intermediate-scale gauge structure can nevertheless
play a useful role in bringing about string-scale gauge coupling unification if it occurs
in conjunction with some of the other features we have discussed. Indeed, such a
successful combination of effects was implicitly assumed for the sketch in Fig. 6(d).
Moreover, as we shall now discuss, one natural candidate which may serve this pur-
pose (and which generically arises along with intermediate-scale gauge structure) is
extra matter beyond the MSSM.
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8 Path #5: Extra Matter Beyond the MSSM
The final possibility for reconciling the predicted string and MSSM unification
scales via renormalization-group “correction terms” involves the appearance of extra
matter beyond the MSSM. While many of the above “paths to unification” assumed
only the MSSM spectrum between the Z scale and the string scale, string models
often contain additional states beyond those of the MSSM. Indeed, in such cases
these states are required for internal consistency, for the string spectrum is tightly
constrained by many symmetries — among them modular invariance — and the
arbitrary removal of such states would result in worldsheet anomalies. Thus, such
“unwanted” states are typically present at the massless level in realistic string spectra,
and their effects must be included. Such matter has been considered, for example, in
Refs. [92, 43, 54, 4, 5, 50].
8.1 Extra matter in realistic string models
The detailed properties of such extra non-MSSM matter are of course highly
model-dependent, but within the class of realistic string models discussed in
Sect. 6.5.1, such matter has certain generic properties. First, such matter appears in a
majority of these models. Second, it typically appears in vector-like representations;
thus such states are non-chiral. Third, because such states are non-chiral, they can be
given mass and become superheavy. Finally, in the realistic string models, such mat-
ter typically appears in the form of extra color triplets or electroweak doublets with
special hypercharge assignments. These representations include (3, 2)1/6, (3, 1)1/3,
(1, 2)1/2, (3, 1)1/6, and (1, 2)0, and have the following beta-function coefficients:
(3, 2)1/6 : (b3, b2, b1) = (1, 3/2, 1/10)
(3, 1)1/3 : (b3, b2, b1) = (1/2, 0, 1/5)
(1, 2)1/2 : (b3, b2, b1) = (0, 1/2, 3/10)
(3, 1)1/6 : (b3, b2, b1) = (1/2, 0, 1/20)
(1, 2)0 : (b3, b2, b1) = (0, 1/2, 0) . (8.1)
While the first three of these representions can clearly be embedded into standard
SU(5) or SO(10) representations, it is clear from their hypercharges that the latter
two representations cannot be, and are therefore truly exotic. From the point of
view of gauge coupling unification, however, these types of extra matter are precisely
what are needed, for the representations listed in Eq. (8.1) have small values of
b1 relative to their values of (b2,b3), and consequently they have the potential to
substantially modify the running of the SU(2) and SU(3) gauge couplings without
seriously affecting the U(1) coupling. It is evident from the sketch in Fig. 6(e) that
this is precisely what must happen if the scale of gauge coupling unification is to be
increased. Thus, while such representations are entirely unexpected from the field-
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theory point of view, they are precisely what would be needed in order to reconcile
the discrepancy between the string and MSSM unification scales.
This is an encouraging observation, but the question then arises: in the realistic
string models, do such matter states actually appear with the correct multiplicities
and in the appropriate combinations to achieve successful string-scale gauge coupling
unification? In other words, do the realistic string models contain the proper combi-
nations of such representations that can reconcile the discrepancy between the string
scale and the MSSM unification scale?
To answer such a question is a straightforward exercise, and can be handled in
the low-energy effective field theory. The one-loop “correction terms” introduced by
such matter are given as
∆i = +
∑
I
b
(I)
i ln
M2I
M2Z
(8.2)
where the summation is over the extra intermediate-scale matter states with masses
MI . Thus, comparing this expression with Eq. (7.1), we find the effects of such matter
states on the values of the low-energy couplings are given by Eq. (7.2) with the ‘sp’
subscript replaced by ‘I’ and with an overall change of sign. Of course, as before,
for a rigorous calculation one must also include the effects of two-loop corrections,
Yukawa couplings, and scheme conversion. One must also include the effects of light
SUSY thresholds as well as the calculated model-dependent heavy string thresholds
corrections (see Sects. 6 and 7). One then seeks to determine, given the particular
combinations of non-MSSM representations that appear in a particular string model,
whether there exists a window in the parameter space {MI} of non-MSSM masses
for which a successful string-scale unification of the gauge couplings is achieved.
For the realistic free-fermion models of Sect. 6.5.1, the results of such an analysis
are as follows [4, 5]. For some of these models (e.g., the model of Ref. [84]), it is
found that the required combinations of non-MSSM matter do not appear. This is
remarkable, for it indicates that despite the presence of the new intermediate scales
{MI}, successful low-energy predictions are still difficult to obtain. For example,
as a general feature, successful gauge coupling unification requires both extra color
triplets and electroweak doublets to appear simultaneously, and such representations
often do not appear together in these particular models [4, 5].
By contrast, for other realistic string models (e.g., that in Ref. [54]), the required
matter appears in precisely the combinations that can do the job. Thus, these models
potentially allow successful gauge coupling unification at the string scale — i.e., the
correct low-energy couplings can be achieved. In the string model of Ref. [54], for
example, there appear two pairs of (3, 1)1/3 color triplets, one pair of (3, 1)1/6 color
triplets, and three pairs of (1, 2)0 electroweak doublets. This particular combination
of representations and hypercharge assignments opens up a sizable window in which
the low-energy data and string unification can be reconciled: if the triplets all have
equal masses in the approximate range 2 × 1011 ≤ M3 ≤ 7 × 1013 GeV, with the
doublet masses in the corresponding range 9× 1013 ≤ M2 ≤ 7× 1014 GeV, then the
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discrepancy is removed. This situation is illustrated in Fig. 14, which shows how
the predicted low-energy couplings in Fig. 13 are modified when this extra matter is
included in the analysis. Details and other scenarios for each of the other realistic
string models can be found in Ref. [5].
Figure 14: Scatter plot of {sin2 θW (MZ), αstrong(MZ)} when the SUSY-breaking
parameters {m0, m1/2,Mh,Mh˜,Mstring} are varied as in Eq. (7.8). Region (a) plots
the same points as in Fig. 13, which assumes only the MSSM spectrum between
the Z scale and the string scale, while region (b) also includes the effects of the
string-predicted extra matter discussed in the text.
It is of course no surprise that extra non-MSSM matter at intermediate scales can
have such a profound effect on the running of the gauge couplings, or equivalently on
the values of low-energy observables. What is perhaps more remarkable, however, is
that string theory, which predicts an unexpectedly high unification scale, often also
simultaneously predicts precisely the extra exotic matter that is necessary in order
to reconcile this higher scale with low-energy data. As we have already discussed,
the appearance of such matter is not at all arbitrary, and is required for the internal
consistency of the theory. It is therefore encouraging that the states which appear are
often exactly the ones that can also reconcile the predicted string scale of unification
with the observed low-energy couplings. Indeed, it recently been proposed [93] that
such matter may even serve as a potential dark-matter candidate.
Extra matter at intermediate mass scales can also play a useful role in string
models for which the Planck-scale gauge group is not that of the MSSM. In such
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cases, intermediate-scale matter and intermediate-scale gauge structure can together
bring about gauge coupling unification at the string scale. For example, as we have
already discussed in Sect. 4.4, certain G×G string models have the feature that they
naturally give rise to extra moduli states transforming in the adjoint of the gauge
group. If these states have the appropriate mass scales, then they can effectively raise
the unification scale to the string scale and thereby render unnecessary the use of a
grand-unified group in the first place [39, 40]. Another recent idea employing extra
matter states has been proposed [94] for the flipped SU(5) string model. Although
the intermediate-scale gauge structure of this model does not permit successful gauge
coupling unification by itself (as discussed in Sect. 7), extra non-MSSM matter in the
10 and 4 representations of the hidden gauge groups SO(10) and SU(4) of this model
can nevertheless potentially alter the running of the gauge couplings in a manner
which enables one to identify the scale of SU(5) → SU(3) × SU(2) breaking with
MMSSM, while identifying the scale of the subsequent unification of SU(5) and U(1)
gauge couplings withMstring. As with the other extra-matter proposals, however, this
proposal also requires that the intermediate mass scales take certain special values
which are subject to a host of dynamical and (in some cases) non-perturbative effects.
Thus, the viability of such schemes awaits a detailed model-by-model analysis.
Finally, we remark that extra states beyond the MSSM may also take the form
of gauge bosons from extra U(1) gauge symmetries. Indeed, like the extra matter
discussed above, such extra U(1) gauge symmetries are also rather generic in realistic
string models, and may also lead to observable experimental consequences (including
a change in the unification scale at the two-loop order through kinetic-mixing effects
[95]). Various phenomenological implications of such extra U(1) gauge symmetries
have recently been discussed in Ref. [96].
8.2 Determining the mass scale of extra matter
Although extra exotic states beyond the MSSM naturally appear in the context of
various realistic string models, it is a completely different question to verify that this
extra non-MSSM matter actually obtains the required masses in these models. As
we have already remarked, such states typically appear in vector-like representations,
and thus can become superheavy. The masses that such states will obtain can be
determined by analyzing the cubic and higher-order terms in the superpotential.
For this reason, the precise values of these masses depends on many factors. These
include the particular vacuum shift which is required in order to break the “pseudo-
anomalous” U(1) gauge symmetry and restore spacetime supersymmetry [59], as well
as the particular subsequent low-energy SUSY-breaking scheme employed.
Determining the masses of such exotic states therefore depends on a detailed
analysis of the superpotential, and can be done only model-by-model. In one model,
however, it has been estimated [61] that the masses of certain extra triplet states
are approximately M3 ≈ 1011 GeV. Similar intermediate mass scales have also been
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anticipated in, e.g., Ref. [97]. As we have seen, this sort of intermediate scale is just
what is required for successful gauge coupling unification at the string scale.
It may seem surprising that string theory can generate such intermediate mass
scales that are substantially below the Planck scale. However, such intermediate mass
scales can arise in a variety of ways. One way is through the effects that arise when
a hidden-sector gauge group becomes strong at some intermediate scale. Another
way that has been extensively exploited in the literature is through the vacuum shift
which generally arises in such (2, 0) models. It is therefore important to understand
why this vacuum shift arises, and how it can be used to generate intermediate mass
scales.
This vacuum shift arises as follows. As we mentioned above, most (2, 0) models
have, in addition to their observable- and hidden-sector gauge groups, a “pseudo-
anomalous” U(1) gauge symmetry [typically denoted U(1)X , with generator QX ].
Here the adjective “pseudo-anomalous” simply means that TrQX 6= 0 where the
trace is evaluated over the full string spectrum (or equivalently over only the mass-
less string spectrum, since massive states come in vector-like pairs with opposite
values of QX). In field theory, of course, the non-vanishing of this trace implies the
existence of a triangle anomaly. In string theory, however, all gauge and gravita-
tional anomalies are automatically cancelled by the Green-Schwarz mechanism [98],
and the anomalies associated with having TrQX 6= 0 are no exception. Indeed, in this
case the Green-Schwarz mechanism works by ensuring that the anomalous variation
of the field-theoretic U(1)X triangle diagram can be cancelled via a corresponding
non-trivial U(1)X transformation of the string axion field. This axion field arises
generically in string theory as the pseudo-scalar partner of the dilaton, and couples
universally to all gauge groups. However, the existence of such a mechanism implies
that anomaly cancellation in string theory does not require cancellation of TrQX by
itself, and consequently a given string model can remain non-anomalous even while
having TrQX 6= 0. Indeed, this is the generic case for most realistic (2, 0) models.
The danger posed by this situation arises from the fact that such a non-vanishing
trace leads to the breaking of spacetime supersymmetry at one-loop order through
the appearance of a one-loop Fayet-Iliopoulos D-term of the form [59]
g2stringTrQX
192 π2
M2Planck (8.3)
in the low-energy superpotential. This in turn destabilizes the string ground state by
generating a dilaton tadpole at the two-loop level, and signals that the original model
cannot be consistent. The solution to this problem, however, is to give non-vanishing
vacuum expectation values (VEV’s) to certain scalar fields (twisted moduli) φ in
the string model in such a way that the offending D-term in Eq. (8.3) is cancelled
and spacetime supersymmetry is restored. In string moduli space, this procedure is
equivalent to moving to a nearby point at which the string ground state is stable,
and consequently this procedure is referred to as vacuum shifting .
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In general, the specific VEV’s that parametrize this vacuum shift can be deter-
mined by solving the various F - and D-term flatness constraints. In a given realistic
string model, however, these constraints are typically quite complicated, and it is
not always clear that a simultaneous solution to all of the appropriate constraints
exists. Of course, the existence of such a solution is a necessary prerequisite for
the construction of a “realistic” string model, and such solutions do exist for all of
the models we have discussed thus far. In fact, one finds that the required VEV’s
are typically small in these models, of the order 〈φ〉/MPlanck ∼ O(1/10). Thus all
of these models have stable vacua which are relatively “near” those points at which
they were originally constructed. This is fortunate, for it guarantees that many of the
phenomenological properties of such models will not depend too crucially on whether
they are evaluated in the original vacuum (for which a convenient conformal-field-
theory description may exist, simplifying the calculation), or in the shifted, stable
vacuum (at which the true model is presumed to sit). For example, heavy string
threshold corrections are relatively insensitive to such vacuum shifts, chiefly because
vacuum shifting does not significantly affect the masses of those states which were
already massive before the shift [82]. This was discussed in Sect. 6.5.2.
Vacuum shifting does have important consequences for the massless states, how-
ever. For example, vacuum shifting clearly requires that those scalar fields receiving
VEV’s be charged under U(1)X . Thus, the act of vacuum shifting breaks U(1)X ,
with the U(1)X gauge boson “eating” the axion to become massive. In fact, since the
scalars φ which are charged under U(1)X are also often charged under other gauge
symmetries as well, giving VEV’s to these scalars typically causes further gauge sym-
metry breaking. For our purposes, however, the most important effect of vacuum
shifting is that it can generate effective superpotential mass terms for vector-like
states Ψ that would otherwise be massless. Indeed, upon replacing the scalar fields
φ by their VEV’s in the low-energy superpotential, one finds that higher-order non-
renormalizable couplings can become lower-order effective mass terms:
1
Mn−1Planck
φnΨΨ → 1
Mn−1Planck
〈φ〉nΨΨ . (8.4)
Given this observation, it is then straightforward to estimate the typical sizes that
such mass terms will have. As we stated above, the D- and F -flatness constraints
typically yield VEV’s of the order 〈φ〉/MPlanck ∼ O(1/10). This ratio is ultimately
the origin of the intermediate mass scales. Due to various selection rules stemming
from hidden string gauge symmetries, effective mass terms for non-MSSM states
typically appear in the superpotential only at a high order, e.g., n ∼ 5 in Eq. (8.4).
Consequently, the effective mass terms that are generated after the vacuum shift are
schematically of the order 〈φ〉n/Mn−1Planck ∼ (1/10)nMPlanck. This then generates the
desired intermediate mass scales.
Thus, we see that the intermediate mass scales required for string-scale gauge
coupling unification can be generated quite naturally — the only ingredients are a
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vacuum shift that is relatively small (but still of order one), coupled with hidden-
sector symmetries to enforce selection rules at relatively low orders in the superpo-
tential. As we have seen, both of these features arise quite naturally in realistic string
models. We nevertheless emphasize that a rigorous calculation of these intermediate
mass scales can be quite involved, and must ultimately be done on a model-by-model
basis.
8.3 Semi-perturbative unification and dilaton runaway
As we have discussed, the appearance of extra matter beyond the MSSM can have
the effect of raising the gauge coupling unification scale. Indeed, we have seen that
in the realistic string models, this extra matter typically comes in incomplete SU(5)
or SO(10) multiplets [i.e., such matter cannot be assembled into only 5 or 10 repre-
sentations of SU(5)], and it is precisely this feature which enables the introduction
of such matter to raise the one-loop unification scale. By contrast, the introduction
of complete GUT multiplets cannot raise the one-loop unification scale, and instead
only raises the value of the coupling gstring at unification.
Despite this fact, it turns out that extra matter in complete multiplets may nev-
ertheless be extremely useful in string theory. Until now, we have had little to say
about the value of gstring, and have simply remarked that its value is fixed by the
expectation value of a certain modulus field, the dilaton φ, via a relation of the form
gstring ∼ e−〈φ〉 [17]. It is natural to wonder, therefore, how the vacuum expectation
value of the dilaton is fixed. Unfortunately, this question is particularly difficult to
answer because of some general results [99] which assert that in supersymmetric string
theories, the dilaton has a potential which is classically flat and which remains flat
to all orders in perturbation theory. Of course, a dilaton potential can be generated
if small non-perturbative effects are included (the common example being gaugino
condensation due to unknown hidden-sector dynamics), but it has been shown [99]
that all such potentials must nevertheless vanish as 〈φ〉 → ∞. Thus, if the string
coupling gstring is presumed to be very weak (so that the corresponding string theory
is perturbative), then the shape of the dilaton potential forces the dilaton vacuum ex-
pectation value to increase without bound. This in turn implies that weakly-coupled
string theories are not stable, and that they eventually become free theories. This is
the so-called dilaton runaway problem.
How then might one stabilize the dilaton in order to avoid this problem? This
issue has been discussed in Ref. [100]. One possibility might be that the true value of
gstring is actually quite large, so that the above predictions at weak coupling might be
avoided by unknown strong-coupling effects. Unfortunately, this would mean that one
can no longer analyze the string model through perturbation theory, which has been
the basis of our analysis of gauge coupling unification. Furthermore, recent results in
string duality [101] suggest that various strings at strong coupling are equivalent to
other theories at weak coupling, and therefore the original dilaton runaway problem
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may not be avoided after all, but may instead simply re-emerge in the dual theory.∗
Thus, the best hope might be that somehow the value of the string coupling gstring
lies at some intermediate value. This option has been called semi-perturbative unifi-
cation [103]. Indeed, not only might this scenario avoid the dilaton runaway problem,
but it might still permit a perturbative analysis. It may at first seem inconsistent
that unknown non-perturbative string effects are being invoked to stabilize the dila-
ton while perturbation theory is assumed to be valid for analyzing the low-energy
effective field theory. However, it has been shown [104] that the strength of non-
perturbative effects in string theory typically grows as ∼ exp(−a/gstring) where a is a
constant of order one, whereas in field theory such effects typically grow more slowly,
as ∼ exp(−8π2/g2string). Thus, precisely for such intermediate values of gstring, it is
possible that the dilaton can be stabilized without sacrificing a perturbative treat-
ment of the low-energy effective field theory. By “intermediate” values we refer to
couplings which may be as high as αstring ∼ 0.3 or 0.4. While the usual MSSM value
for the unified coupling gstring ∼ 0.7 (or αstring ∼ 1/25) might also be sufficiently
strong to enable such string-theoretic effects to stabilize the dilaton in this manner,
the above “intermediate” values may be able to do this more effectively.
This, then, provides a string-theoretic motivation for intermediate values of gstring.
Moreover, as we have discussed above, it turns out that such intermediate values of
gstring can be achieved — without ruining agreement with the measured values of
the low-energy couplings — through the introduction of extra non-MSSM matter in
complete GUT multiplets. However, there is also one further benefit to having extra
matter of this form. We have already remarked that such matter is not capable of
increasing the one-loop scale of unification. However, since the gauge coupling unifica-
tion in this scenario is only semi -perturbative, we have less reason than before to trust
that a one-loop analysis is sufficient. Indeed, it is possible that higher-loop effects
can raise the unification scale. A detailed analysis of this question has recently been
performed [103], and indeed one finds that it is possible to add particular numbers
of complete multiplets [e.g., 5 or 10 representations of SU(5), or 16 representations
of SO(10)] so that the new unification scale approaches the predicted one-loop string
scale without destroying the validity of perturbation theory. Such a scenario was
sketched in Fig. 6(f). This route to unification is particularly noteworthy, given that
the predicted one-loop string scale itself is enhanced due to the increased value of
gstring. Unfortunately, no calculations of the corresponding higher-loop corrections to
the predicted string unification scale currently exist.
Thus, semi-perturbative unification achieved through extra matter in complete
GUT multiplets is an intriguing field-theoretic scenario whereby the extrapolated uni-
∗ Note, however, that such a “dual” theory may have different unification properties than the
original theory. This is the basis of a strong-coupling unification scenario that will be discussed
in Sect. 10. We also remark that there exist values of coupling and compactification volume of
heterotic strings for which all possible dual theories are also strongly coupled. This is discussed in
Ref. [102].
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fication scale can be raised and the string dilaton runaway problem may be avoided.
There are, however, three points that must be stressed. First, it is important to
realize that this scenario does not solve the dilaton stabilization problem; it merely
evades the dilaton runaway problem. Second, as we have stated above, even the
usual MSSM unified coupling αstring ∼ 1/25 is in some sense “intermediate”, since it
too permits sufficiently large string-theoretic non-perturbative corrections to poten-
tially stabilize the dilaton. However, such values αstring ∼ 1/25 fail, by themselves,
to lead to a raising of the unification scale. Finally, as we have seen at the begin-
ning of this section, even the introduction of extra matter in incomplete multiplets
can have the effect of changing the unification coupling while preserving unification
and increasing the unification scale; this is precisely what occurs, for example, in
the realistic string model underlying Fig. 14. It will nevertheless be interesting to
construct realistic string models with extra matter in complete GUT multiplets, in
order to test whether the semi-perturbative gauge coupling unification mechanism
with αstring ∼ 0.3− 0.4 can actually be realized in string theory.
9 Path #6: Strings without Supersymmetry
Another possible scenario for gauge coupling unification — one which is much
more unconventional and speculative than any considered thus far — involves string
models without spacetime supersymmetry. This remarkable possibility rests upon the
little-exploited observation (see Fig. 1) that within the non-supersymmetric Standard
Model, the SU(2) and SU(3) gauge couplings already unify at the string scale! In-
deed, only the hypercharge coupling fails to unify at the same point. However, the
running of the hypercharge coupling depends on the normalization kY of the hyper-
charge generator, and while this is taken to be kY = 5/3 in the MSSM [regardless
of whether any SU(5) GUT theory is envisaged], we have seen in Sect. 5 that in
string theory, the normalization kY has completely different origins, and the choice
kY = 5/3 is not required or preferred. Thus, simply by adjusting kY , we can achieve a
simultaneous unification of all of the gauge couplings, at the string scale, and without
supersymmetry.
It is straightforward to calculate the value of kY that is required in this scenario,
and we find that we require kY ≈ 13/10. It is important that this value is well within
the constraints imposed by string theory (and most importantly, satisfies kY ≥ 1,
as required for a consistent hypercharge assignment for the right-handed electron).
Therefore, instead of the unification relation given in Eq. (2.4), we find that we now
have the non-supersymmetric unification relation
13
10
αY (MSM) = α2(MSM) = α3(MSM) ≈ 1
45
(9.1)
which holds at the new, higher, “Standard Model unification scale”
MSM ≈ 1017GeV . (9.2)
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The unification of gauge couplings in this scenario is shown in Fig. 15, which should
be compared against Fig. 1. Thus, we conclude that spacetime supersymmetry is
not required on the basis of gauge coupling unification, provided we normalize the
hypercharge generator accordingly.
Figure 15: Gauge coupling unification in the Standard Model can be achieved without
supersymmetry for a hypercharge normalization kY ≈ 13/10. In this scenario, the
unification scale is naturally close to the string scale ∼ O(1017 GeV).
Note that although this scenario is similar in spirit to that discussed in Sect. 5,
the key difference here is that no supersymmetry is required . Thus, the running
of the gauge couplings is governed by the beta functions of the Standard Model
rather than those of the MSSM, and neither includes the effects of, nor requires
the existence of, any MSSM superpartners. Furthermore, the resulting unification
automatically occurs at a higher scale ≈ 1017 GeV than is comfortably achieved in
the supersymmetric case with kY ≈ 1.5, and may thus be more desirable from a
string-theory perspective.
Given that no experimental evidence for spacetime supersymmetry currently ex-
ists, this possibility (though highly unorthodox) merits examination. In particular,
three groups of serious questions naturally arise:
• Can suitable non-supersymmetric string models even be constructed? In other
words, is spacetime supersymmetry required for the self-consistency of the
string?
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• If we dispense with spacetime supersymmetry, how can we reproduce many
of the other phenomenological benefits that supersymmetry provides, such as
controlling divergences and providing a technical solution to the gauge hierarchy
problem?
• How can we explain the vanishing of the cosmological constant?
To date, there are no satisfactory answers to these questions (indeed, the third ques-
tion has no resolution even within the MSSM, given the fact that SUSY must be
broken somewhere at or above the electroweak scale [105]). There are, however, cer-
tain tantalizing hints that if string theory can solve any one of these problems, it
may solve them all simultaneously. Furthermore, if this does happen, such a solution
might take a form that is completely unexpected from a field-theory point of view.
To see how such a scenario might work, let us begin by discussing the first issue:
the construction of suitable non-supersymmetric string models. Most of our experi-
ence building string models has focused on string models possessing N = 1 spacetime
supersymmetry. Not only is N = 1 supersymmetry desired on a phenomenological
basis (as a result of gauge coupling unification within the N = 1 MSSM), but the
presence of supersymmetry naturally eliminates certain problems that could other-
wise arise in string theory, such as the appearance of tachyons in the string spectrum.
One might think, therefore, that it is impossible to construct non-supersymmetric
string models which are free of tachyons. Fortunately, it turns out that this is not
the case: just as there are millions of N = 1 supersymmetric string models, there
are millions of non-supersymmetric tachyon-free models. Indeed, one must simply
choose the GSO projections in such a way as to project such tachyonic states out
of the spectrum. Perhaps the most famous example of such a self-consistent string
model is the ten-dimensional tachyon-free SO(16) × SO(16) heterotic string model
[106]. There are likewise a plethora of such models in four dimensions [78]. While
some of these models can be understood as resulting from supersymmetric models
via a form of Scherk-Schwarz SUSY-breaking [107, 76, 69], others bear no relation to
supersymmetric models at all.
To build a suitable non-supersymmetric string model, then, we would simply seek
to construct a string model whose low-energy spectrum reproduces the Standard
Model, rather than the MSSM. Presumably this could be achieved by starting with
some of the realistic MSSM-reproducing string models, and then projecting out the
superpartners of the massless states. In principle, this could be done either by remov-
ing the superpartner sectors from the theory altogether, or by carefully adjusting the
GSO projections in such a way that the superpartners of massless states are removed
but no tachyons are introduced. The string-predicted tree-level unification of gauge
couplings, as given in Eq. (2.6), remains valid even without spacetime supersymmetry.
Thus, at tree level, there does not appear to be any barrier against construct-
ing the desired four-dimensional, non-supersymmetric, realistic, tachyon-free string
models. Beyond tree level, however, certain subtle issues arise. In particular, while
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non-supersymmetric string models are perfectly valid solutions (or classical vacua)
of string theory at tree level, they suffer from various instabilities at one loop. Per-
haps the most serious of these concerns the dilaton: it turns out that for generic
non-supersymmetric string models, the dilaton develops a non-vanishing one-point
function. This implies that the dilaton effective potential contains a linear term,
which in turn indicates that the non-supersymmetric ground state is not stable. This
ground state is then presumed to “flow” to some other point in the string moduli
space at which stability is restored.
Is supersymmetry therefore required in order to cancel this dilaton one-point
function and provide a stable ground state? The answer to this question is not
known. At one-loop order, the dilaton one-point function is proportional [2] to the
dimensionless string cosmological constant Λ defined in Eq. (6.24). Thus, at one-loop
order, the dangerous dilaton one-point function does not arise in string models with
Λ = 0. It is interesting that in string theory, the problem of the dilaton is so intimately
connected with the problem of the cosmological constant.∗ Of course, models with
spacetime supersymmetry have Λ = 0 (to all orders in perturbation theory [109]).
However, despite numerous attempts and various proposals [110, 78], it is not known
whether there exist four-dimensional non-supersymmetric string models which also
have vanishing cosmological constant. Thus, it is not yet known whether there exist
any non-supersymmetric string models which are stable beyond tree level.
Let us now turn to the remaining question: without supersymmetry, how might
the gauge hierarchy problem be solved? As we shall see, this issue is also tied to the
above questions. Let us first recall the situation in field theory. In a supersymmet-
ric field theory, a tree-level gauge hierarchy is stabilized at higher loops because the
contributions of bosonic states cancel those of fermionic states level-by-level, at all
masses. Thus, the divergences which would otherwise destabilize the gauge hierar-
chy are absent. This cancellation is often encoded in the cancellation of the mass
supertraces
StrM2β ≡ ∑
states
(−1)F M2β (9.3)
for various β. For example, StrM4 controls the logarithmic divergence in the vacuum
energy density, while StrM2 and StrM0 ≡ Str1 respectively control the quadratic
and quartic divergences. Of course, at some scale it is necessary to break the su-
persymmetry, and in field theory this is usually done either softly or spontaneously.
One then finds that Str 1 continues to vanish, while StrM2 becomes non-zero. Thus,
the quartic divergences are still absent, and the value of StrM2 is then constrained
so as to preserve the technical solution to the gauge hierarchy problem. In practice,
this means that the numerical size of StrM2 is bounded by two phenomenological
observations: no superpartners have yet been observed (which sets a minimum for
StrM2), and the Higgs mass should not be too large (which sets a maximum). The
∗ An interesting additional connection between these two problems has recently been proposed
in Ref. [108].
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important point here, however, is that one achieves a technical resolution of the gauge
hierarchy problem in field theory by introducing supersymmetry at some high scale,
and then breaking it softly at a much lower scale.
For a non-supersymmetric string model — which by definition has no supersym-
metry at any scale — it might seem that such an achievement might be beyond reach.
However, it has recently been shown [111] that this is not the case. In particular,
if we evaluate the supertraces (as appropriate for string theory) by summing over
the contributions of all string states, both massive and massive, in the presence of a
suitable regulator,
StrM2β ≡ lim
y→0
∑
states
(−1)F M2β e−yM2 , (9.4)
then it turns out that all four-dimensional tachyon-free non-supersymmetric string
models automatically satisfy the supertrace relations [111]
Str1 = 0 and StrM2 = − 3
4π2 α′
Λ . (9.5)
Thus, we see that the required sorts of supertrace relations are automatically satisfied
in string theory, even without supersymmetry appearing at any scale! Moreover, it
has been found [79, 111] these stringy supertrace relations (9.5) do not hold multiplet-
by-multiplet (as they do in field theory), but instead hold as the result of delicate
cancellations at all mass levels throughout the entire string spectrum. Indeed, the
spectrum of a typical non-supersymmetric string model need not exhibit any (broken)
multiplet structure at all, and in particular need not contain (at any mass level)
the superpartners of low-energy states. Nevertheless, the numbers of bosonic and
fermionic states at all string mass levels always miraculously adjust themselves in
such a way that a given surplus of bosonic states at any one level is delicately balanced
by surpluses of fermionic states at other levels and the supertrace relations (9.5) are
maintained.
Such a delicate balancing of boson/fermion surpluses has been called a “mis-
aligned supersymmetry” [79], and is illustrated in Fig. 16 for the case of the non-
supersymmetric ten-dimensional SO(16) × SO(16) string [106]. In this particular
string, one has a surplus of 2112 fermionic states at the massless level, and these
are balanced by a surplus of 147,456 bosonic states at the first excited level, which
in turn are balanced a surplus of 4,713,984 fermionic states at the next excited
level, and so forth. Indeed, as a general property, one finds that such bosonic and
fermionic surpluses typically alternate as the mass is increased [79]. Moreover, for
non-supersymmetric strings in ten dimensions, one also finds [111] that the four-
dimensional results (9.5) are generalized in such a way that not only does Str 1
vanish, but in fact StrM2, StrM4, and StrM6 all vanish as well! It is indeed re-
markable that such conditions can be satisfied in string theory, especially given the
infinite towers of states whose degeneracies increase exponentially as a function of
mass.
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Figure 16: Alternating boson/fermion surpluses in the D = 10 non-supersymmetric
tachyon-free SO(16) × SO(16) heterotic string. For each mass level in this model
(either integer or half-integer in Planck-mass units), we plot ± log10(|BM − FM |)
where BM and FM are respectively the corresponding numbers of spacetime bosonic
and fermionic states. The overall sign is chosen positive if BM > FM , and negative
otherwise. The points are connected in order to stress the alternating, oscillatory
behavior of the boson and fermion surpluses throughout the string spectrum. These
oscillations insure that StrM0 = StrM2 = StrM4 = StrM6 = 0 in this model, even
though there is no spacetime supersymmetry.
This, then, may be an alternative solution to the gauge hierarchy problem, a novel
way in which string theory manages to maintain finite amplitudes and constrain the
corresponding mass supertraces, even without supersymmetry or TeV-scale super-
partners. Indeed, string theory appears to “dress up” a non-supersymmetric mass-
less spectrum with a “cloud” of infinitely many Planck-scale states in just the right
way to enforce finiteness and cancel the supertraces. Of course, for four-dimensional
string models, we see from Eq. (9.5) that the phenomenologically preferred values for
StrM2 require a one-loop cosmological constant which is extremely small in Planck-
scale units. Thus, once again, such a solution to the gauge hierarchy problem is
closely tied to the question of vacuum stability, and to the problem of the cosmolog-
ical constant as a whole.
These intriguing results indicate that non-supersymmetric string theories have
some remarkable properties that mimic the properties of supersymmetric string the-
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ories, though in unexpected ways. Moreover, these extra finiteness properties —
coupled with our ability to adjust kY in string theory — may imply that spacetime
supersymmetry is not as critical in string theory as it is in ordinary field theory, at
least as far as gauge coupling unification or the gauge hierarchy problem are con-
cerned. Non-supersymmetric strings therefore remain an interesting, though largely
unexplored, alternative avenue towards gauge coupling unification.
10 Path #7: Strings at Strong Coupling
Another possible resolution of the gauge coupling problem — one which has only
recently been proposed — grows out of exciting developments involving newly dis-
covered string dualities [101]. Such dualities have the potential for describing the
strong-coupling limits of string theories in various dimensions (including the phe-
nomenologically appealing four-dimensional heterotic string theories we have been
discussing here), and may ultimately shed light on complex issues such as supersym-
metry breaking and the selection of the string vacuum. Indeed, recent developments
seem to indicate that perhaps the string itself is not fundamental to “string” theory,
but that string theory is only an effective theory arising as a certain weak-coupling
limit of a more general theory (an eleven-dimensional theory recently called “M-
theory”) which appears to have deep connections to membrane theory and eleven-
dimensional supergravity. If so, these developments have the potential to substan-
tially alter our view not only of string theory itself, but also its phenomenological
implications.
For the purposes of this article, however, the phenomenological implication that
most concerns us is a possible strong-coupling solution to the gauge coupling unifica-
tion problem. Until now, all of the different “paths to unification” that we have
discussed are essentially perturbative, and rely on the assumption that the four-
dimensional string coupling, as well as the coupling of the ten-dimensional theory
from which it is derived via compactification, are weak.∗ Indeed, it is only in such a
limit that the tree-level unification relations (2.6) are expected to hold. It is precisely
these relations, however, which are the source of the discrepancy between the string
and MSSM unification scales, for by unifying the Newtonian gravitational coupling
GN with the gauge couplings gi through gstring, this relation ultimately connects the
gauge coupling unification scale to the gravitationally-determined string scale (or
Planck scale). Indeed, from Eq. (2.6), we find
GN =
1
2
α′ αstring . (10.1)
Given that Eq. (10.1) is the prediction of weakly coupled heterotic string theory,
the question then arises as to whether this relation can somehow be altered or loosened
∗ Note that in this context, the semi-perturbative unification scenario discussed in Sect. 8.3 still
may be considered to be a “weak-coupling” scenario, for like the other scenarios we have considered,
it too permits a perturbative treatment within the framework of the heterotic string.
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at strong coupling. General arguments which explain why such a loosening might
occur at strong coupling can be found in Ref. [100], and a simple heuristic argument
(based on Ref. [112]) is as follows. It is a straightforward matter to relate the four-
dimensional string coupling αstring to the ten-dimensional string coupling α10 and the
volume V of the corresponding six-dimensional compactification manifold:
αstring ∼ (α
′)3 α10
V
. (10.2)
If we now identify V ∼M−6string, we find from Eq. (10.1) that
GN ∼
α
4/3
string
M2string α
1/3
10
. (10.3)
Thus, if we imagine strictly identifying αstring and Mstring with the values αMSSM and
MMSSM at unification (thereby taking gauge coupling unification within the MSSM
as an experimental input to fix the scale of string theory), we find that we must make
α10 very large in order to reduce GN to its experimentally observed value. In other
words, increasing α10 has the effect of increasing the gravitational scale Mstring above
MMSSM, as desired. Of course, for α10 ≫ 1 (as would be necessary), the perturbative
underpinning of these calculations breaks down, and one must deal directly with the
strongly-coupled strings in ten dimensions.
These abstract observations are, in principle, not new. However, thanks to the
recently proposed string dualities, such a calculation can now be done [112]. Since the
strongly coupled ten-dimensional SO(32) string is apparently described by a weakly
coupled ten-dimensional Type I string [113], the relations (2.6) that were derived
for heterotic strings can, in this case, simply be replaced by their Type I counter-
parts. Likewise, for the ten-dimensional E8 × E8 string, the conjectured dual [114]
(a certain eleven-dimensional theory compactified on S1/ZZ2) allows one to obtain
an appropriate corresponding unification relation generalizing Eq. (2.6) for this case
as well. Remarkably, in each case, it then turns out [112] that the new unification
relations thus obtained are modified relative to Eq. (2.6) in such a way that, after
compactification to four dimensions, the experimental discrepancies may be resolved.
To be more specific, let us first consider the case of the strongly coupled SO(32)
string, or equivalently the weakly coupled Type I string. What are the unification
relations for the Type I string? Recall that in the heterotic string, the gauge and
gravitational interactions arise in the same (closed-string) sector; their respective
couplings ggauge and κ ∼
√
GN/α′ therefore have the same dilaton-dependence e−φ,
and indeed one finds κ ∼ ggauge. This is the origin [13] of the heterotic unification
relations (2.6). In Type I strings, by contrast, the gravitational interactions continue
to arise in the closed-string sector, but the gauge interactions now arise in the open-
string sector. Their couplings are therefore related as κ ∼ g2, and their dilaton-
dependence does not cancel. Indeed, one finds that the weak-coupling heterotic
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unification relations (2.6) are replaced by the Type I relations [112]:
8π eφ
GN
α′
= g2gauge (10.4)
where φ is the ten-dimensional Type I dilaton and ggauge is the unified gauge coupling
constant. This result, without modification, holds in the ten-dimensional theory and
in any lower-dimensional theory obtained from such a string via compactification.
However, while this new relation does not disturb the unification of the gauge cou-
plings, the final relation to the Newton gravitational coupling GN is changed relative
to Eq. (2.6): instead of Eq. (10.1), we now find
GN =
1
2
e−φ α′ αstring (10.5)
where αstring ≡ g2gauge/(4π). Thus, by taking the ten-dimensional Type I string to be
sufficiently weakly coupled (i.e., by taking e−φ to be sufficiently small), the experi-
mental value of GN can be reconciled with the MSSM unification scale. Moreover,
as stressed in Ref. [112], the results in Eqs. (10.4) and (10.5) hold directly for the
weakly coupled Type I string independently of its relation to the strongly coupled
SO(32) heterotic string, and hence could form the basis for a successful gauge cou-
pling unification scenario directly within the framework of Type I phenomenology.
Indeed, along these lines, several four-dimensional Type I string models with N = 1
supersymmetry have recently been constructed [115] using various orientifold tech-
niques [116]; moreover, heavy string threshold corrections for certain types of Type I
string models have also recently been calculated [117]. Of course, the presence of the
a priori unfixed parameter e−φ in these relations implies that the Type I string is
not as predictive as the heterotic.
The situation for the ten-dimensional E8 × E8 heterotic string is similar, though
somewhat more complicated due to the fact that this string is dual not to another
string, but rather to an eleven-dimensional “M-theory” compactified on S1/ZZ2. The
resulting gauge and gravitational coupling unification relations therefore depend not
only on the geometrical details of this compactification — such as the length of the
line segment S1/ZZ2 — but also on the precise relations between the ten-dimensional
gauge couplings and the eleven-dimensional gravitational couplings, on various special
topological constraints, and on the intricacies of certain eleven-dimensional strong-
coupling expansions. These issues are all discussed in Ref. [112]. One finds, however,
that in this case the unification relations (2.6) now take the form [112]
16π3
(
4π
κ
)2/3
ρ GN = g
2
i ki (10.6)
where κ is the underlying eleven-dimensional gravitational coupling, and where ρ is
the length of S1/ZZ2. As before, this result holds for the ten-dimensional theory as
well as for any lower-dimensional theory obtained via compactification. While there
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are certain self-consistency constraints on the ranges of values that κ and ρ may have
in order for this analysis to be valid [112], experimentally acceptable values of GN
can once again apparently be accommodated: one requires, in particular, that ρ be
substantially larger than the eleven-dimensional Planck length, which suggests that
at intermediate energy scales there should be an effective fifth dimension that be-
comes accessible before ultimately realizing the full eleven-dimensional theory. Note
that various phenomenological investigations regarding possible large internal dimen-
sions in connection with supersymmetry breaking can be found in Refs. [107, 76, 69]
and more recently in Ref. [118]; the latter paper also proposes an alternative uni-
fication scenario which differs from the one discussed here. It also turns out that
there are limits on the size of the internal six-dimensional compactification volume
[119]; recall that this issue becomes especially relevant in light of the fact that the
(presumably strong) ten-dimensional coupling α10 and the (presumably weak) four-
dimensional coupling αstring are related to each other through a (presumably large)
six-dimensional compactification volume, as indicated in Eq. (10.2). Several recent
attempts at understanding the general phenomenological implications of such strong-
coupling and large-volume compactification scenarios can be found in Ref. [120].
Thus, from this analysis, we see that the solution to the gauge coupling problem
in string theory may involve not only perturbative effects, but also intrinsically non-
perturbative physics. It will be interesting to see whether realistic models (i.e.,
Type I models or M-theory compactifications) can be constructed which exploit these
observations.
11 Conclusions
In this article, we have reviewed the status of the various approaches that have
been taken in recent years towards understanding the unification of gauge couplings
within string theory. As we have seen, the chief issue in all of these approaches
is the need to reconcile the unification scale predicted within the framework of the
MSSM with the unification scale expected within the framework of heterotic string
theory — or equivalently, the need to reconcile the values of the low-energy gauge
couplings as measured by experiment with the values predicted by string theory. The
approaches we have reviewed in this article include the possibilities of building string
GUT models; models with non-standard affine levels and hypercharge normalizations;
and models with large heavy string threshold corrections, light SUSY thresholds,
intermediate-scale gauge structure, or extra matter beyond the MSSM. We have also
discussed two more speculative proposals: strings without spacetime supersymmetry,
and strings at strong coupling. It is clear that there has been considerable progress
in each of these areas.
At present, it would appear that some of these approaches have met with more
success than others. For example, although heavy string threshold corrections have
the theoretical potential to be sufficiently large, and although there exist various at-
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tractive mechanisms by which they might actually become large, no phenomenolog-
ically realistic string models have been constructed which realize these mechanisms
and actually have large threshold corrections. Rather, all of the calculations that
have been performed within realistic string models seem to indicate that these heavy
string threshold corrections are unexpectedly small, and moreover have signs that
enlarge, rather than diminish, the discrepancy between the two unification scales.
Likewise, we have seen in a model-independent way that light SUSY thresholds are
also typically too small to resolve the low-energy discrepancies, and we similarly
found that in string models realizing a variety of realistic symmetry-breaking sce-
narios [such as, e.g., the flipped SU(5) or SO(6)× SO(4) scenarios], the presence of
such intermediate-scale gauge structure also does not enable a reconciliation of the
two scales.
As far as realistic string models are concerned, the best route to unification seems
to be the appearance of extra matter beyond the MSSM. Although the introduction
of such matter might seem ad hoc from a field-theory perspective, we have seen that
such extra matter appears as a generic feature in most realistic string models and has
the potential to alter the running of the gauge couplings significantly. While some re-
alistic string models do not contain such extra non-MSSM matter in the combinations
that are required in order to achieve successful string-scale unification of the gauge
couplings, we have seen that other string models apparently do contain such matter
in the right combinations. Thus, these models succeed in resolving the discrepancy
between the string and MSSM unification scales, and thereby predict the correct val-
ues of the low-energy couplings — provided, of course, that this extra matter sits at
the appropriate intermediate mass scales. Unfortunately, these mass scales are typ-
ically set by a variety of stringy mechanisms, and require detailed model-dependent
analyses before concrete predictions can be made. It is nevertheless a significant fact
that such string models even manage to provide a window in the parameter space
of intermediate mass scales for which such a reconciliation is possible. Indeed, this
non-trivial possibility arises because such string models give rise to just the right
combinations of extra non-MSSM matter, in just the right exotic representations and
with just the right non-standard hypercharge assignments, in order to achieve the
correct low-energy predictions for the gauge couplings. Within such models, there-
fore, the appearance of such matter essentially becomes a prediction of string-scale
unification.
The status of the other two approaches — namely, those based on constructing
string GUT models and models with non-standard levels and hypercharge normal-
izations — is perhaps less clear. As we have discussed, these approaches tend to run
into technical subtleties which have, for some time, impeded progress. In the case of
the string GUT models, the primary historical difficulty has been the construction
of three-generation (or more generally, odd-generation) models; likewise, in the case
of string models with non-standard hypercharge normalizations kY , the primary dif-
ficulty has been the construction of models with kY < 5/3. However, we have seen
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that both of these problems now appear to be solved. Thus, although no realistic
models have yet been constructed in either class, these recent developments suggest
that the problems of finding realistic models in either class are only technical (rather
than somehow fundamental). Once realistic models of these sorts are eventually con-
structed (and assuming that their related phenomenological problems of the proton
lifetime and fractionally charged states can be solved), a detailed model-dependent
analysis of their unification properties can then take place.
As a result of their different approaches and assumptions, each of these “paths
to unification” has different virtues. Perhaps the strongest virtue of the string GUT
approach is that it is relatively simple and elegant, and that it does not regard the
unification of the experimental gauge couplings within the MSSM as an accident.
While gauge coupling unification at the MSSM scale is also a natural feature of
the approaches based on strings with extra complete GUT multiplets or strings at
strong coupling, this feature is not shared by the approaches that rely on light SUSY
thresholds or extra non-MSSM matter in incomplete multiplets. Likewise, whether
this feature is shared by the heavy string threshold approach depends entirely on
whether these heavy string thresholds ∆i ultimately satisfy the unification relations
(6.15). In some string models, e.g., the N = 2 string models relevant for Eq. (6.19),
such relations are automatically satisfied. Thus, gauge coupling unification is guaran-
teed in such models (assuming it was somehow already present before the corrections
are included), and it only remains to determine the scale of unification. In the more
realistic N = 1 models, by contrast, the heavy string thresholds ∆i do not a priori
satisfy Eq. (6.15). Hence such models do not necessarily incorporate a unification
of the gauge couplings at any scale, and it would seem unlikely to find a realistic
string model in this class whose heavy threshold corrections magically manage to
preserve gauge coupling unification at the MSSM scale. Of course, the viability of
this approach ultimately depends on finding precisely such a model.
Although it might seem attractive to retain gauge coupling unification at the
MSSM scale within string theory, it must be emphasized that what is most impor-
tant is not that a particular approach be consistent with gauge coupling unification
at some intermediate scale, but rather that the predictions of string theory be di-
rectly reconciled with the experimentally observed values of the low-energy couplings.
Indeed, all of the approaches that we have discussed in this review are designed with
this goal in mind. Furthermore, as we have seen, extra matter beyond the MSSM
appears to be a generic prediction of string theory regardless of the particular type
of string model under consideration. It is therefore unjustified to ignore such states
when constructing, e.g., a string GUT model, and the presence of such extra mat-
ter can destroy what would otherwise have been a successful unification of gauge
couplings. Thus string theory, it seems, would appear to favor a more complicated
route to unification than any of these paths in isolation would suggest, and we can
imagine that features borrowed from many or all of these paths may ultimately play
a role. Indeed, string theory is likely to be far richer in its possibilities than simple
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field-theoretic extrapolations would suggest.
There are, therefore, many open avenues for future investigation. As far as string
GUTmodels are concerned, it would clearly be desirable to have an efficient method of
surveying the possible classes of three-generation models, and refining the techniques
for their construction. Work along these lines is continuing. Similarly, in order to
build models with kY < 5/3, it is necessary to further analyze the MSSM embeddings
which yield the appropriate values of the hypercharge normalization, and to attempt
to construct string models in which any fractionally charged states can be confined or
made heavy. Work here too is continuing. Another obvious line of inquiry that should
be undertaken is to carefully study the role that the extra non-MSSM states play in
the realistic string models. In particular, it is clearly necessary to actually calculate
the masses that such states have in these models, and to carefully evaluate their
effects on low-energy physics. Similarly, for the non-supersymmetric string models,
it is an important problem not only to construct realistic models which reproduce the
Standard Model at low energies and which achieve gauge coupling unification in the
manner described in Sect. 9, but also to solve the accompanying vacuum stability,
technical gauge hierarchy, and cosmological constant problems. As we have discussed,
these problems are undoubtedly related in some deep (although as yet mysterious)
manner. The cosmological constant problem, of course, is one that must be faced in
any string model, given that spacetime supersymmetry must ultimately be broken
at some scale at or above the electroweak scale. Finally, while the approach based
on string non-perturbative effects is perhaps the most daring, it is still far too early
to imagine the phenomenological implications and problems that this approach may
entail.
There are also other issues which we have not discussed in this review, but which
are equally important for understanding the phenomenology of realistic string models.
For example, in this review we have focused exclusively on the unification of the
gauge couplings, but in string theory we also expect special relations between the
Yukawa couplings at the unification scale. This is a whole subject unto itself which
is of critical importance, and which involves issues and scenarios similar to those
we have considered here. Indeed, by calculating the Yukawa couplings and studying
their evolution below the string scale, it is possible to approach the question of
determining the low-energy masses of the fermions and the textures of the low-energy
mass matrices. This would also be an important test for string phenomenology.
Finally, there are also other more general issues which, through crucial for even-
tual string phenomenology, are not amenable to study through the phenomenological
sorts of investigations we have been discussing here. These include, for example, the
important questions of the selection of the string vacuum, and of supersymmetry
breaking. Such issues must of course be resolved before string theory can make any
absolute phenomenological predictions. Unfortunately, it is not yet clear what shape
the answers to these questions will take. One possibility, however, is that progress will
come from exciting developments concerning the implications of the recently discov-
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ered string dualities. Indeed, these dualities formed the basis of the strong-coupling
proposal for gauge coupling unification that was discussed in Sect. 10.
In conclusion, then, we have seen that although string theory has the potential for
accurately describing many properties of the observed low-energy world, the scenarios
and mechanisms by which this can be accomplished appear to be varied and numer-
ous. This is both a blessing and a curse. On the one hand, it is important to study
the extent to which all of the different approaches can be realized in a self-consistent
manner, for it is by testing the bounds of realistic model-building that we can truly
determine the limits and opportunities that string phenomenology provides. On the
other hand, assuming that one unique vacuum solution of string theory ultimately
describes nature, it will be necessary to develop methods of determining which vac-
uum solution this might be, and what its properties are. Thus, we expect that some
combination of both approaches will ultimately prove most useful in determining the
extent to which string theory is capable of describing the physical world.
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